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Abstract
The present dissertation investigates twisted bilayer graphene (TBG),
created by folding of a monolayer. Monolayer graphene is prepared
via mechanical exfoliation from graphite, in some cases yielding
flipped-over flakes of general rotational mismatch between folded
top and bottom layer, which thus constitute a convenient source of
TBG.

In this work, folding is induced on purpose via nanomachining
with the help of an Atomic Force Microscope (AFM). The latter
is further employed to investigate primary TBG parameters like
degree of rotational mismatch, interlayer distance and shape of the
folded edge. Correlations between these are demonstrated to hold
information about more implicit properties like interlayer interaction
energy, furthermore allowing for inference about TBG creation via a
thermally activated growth process following the initiation via AFM.

A number of samples are furthermore probed in magnetotransport
measurements, finding two general phenomena:

Firstly, energetic crossover between layer-decoupled and -coupled
behavior is observed in a TBG sample of 2.5° interlayer twist angle,
together with a transition in Berry phase from π to 2π. The findings
are put into theoretical context; additional features are discussed
with respect to gated layer asymmetries.

Secondly, satellite Landau fans in magnetoresistance indicate
secondary Dirac singularities in the spectra of several TBG with
twist angles at and below 1.5°. The findings are ascribed to separate
electronic scenarios, i.e. a reflection of graphene´s pseudospin
structure in TBG interlayer coupling, and backfolding into the mini-
Brillouin zone of the TBG superlattice respectively.

Keywords:
twisted bilayer graphene, nanomachining, magnetotransport
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Kurzzusammenfassung
Die vorliegende Dissertation befasst sich mit gegeneinander
verdrehten Bilagen aus gefaltetem Graphen. Letzeres wird über
mechanische Exfoliation aus Graphit gewonnen; mitunter werden
hierbei Graphenflocken -in willkürlicher Orientierung- aufeinander
gefaltet, wodurch turbostratisches Bilagen-Graphen (tBG) entsteht.

Im Rahmen dieser Arbeit wird Graphen gezielt durch mecha-
nisches Nanostrukturieren per Rasterkraftmikroskop (RKM) gefal-
tet. Letzteres kommt im Anschluss auch zur Vermessung primärer
tBG-Parameter wie Rotationswinkel und Abstand zwischen den
Lagen, sowie Form der Faltkante zum Einsatz. Verschiedene Zusam-
menhänge in den untersuchten Größen erlauben Rückschluss auf
schwerer zugängliche Daten wie interplanare Bindungsenergie;
ferner kann der tBG-Entstehungsmechanismus auf thermisch
aktivierten Wachtum -initiiert per RKM- zurückgeführt werden.

Magnetotransport-Messungen offenbaren zwei grundlegende elek-
tronische tBG-Signaturen:

Der energetische Übergang zwischen ent- und gekoppelten Lagen,
sowie ein Wechsel in der Berry-Phase zwischen π und 2π konnten
in einer Bilage mit 2,5° Rotationswinkel beobachtet werden. Die
asymmetrische Induktion von Ladungsträgern führt hierbei zu inter-
essanten Modifikationen der theoretischen Erwartung.

In weiteren Proben mit kleinen Rotationswinkeln unter 1,5° weisen
zusätzliche Landau-Fächer im Magnetowiderstand auf sekundäre
Dirac-Singularitäten unterschiedlichen Ursprungs hin: Dies ist zum
Einen das Zurückfalten der Bandstruktur in die Mini-Brillouinzone
des tBG-Übergitters; eine weitere Messung zeugt von der Manifesta-
tion des Pseudospins in der Kopplung zweier Graphen-Dispersionen.

Schlagwörter:
turbostratisches Bilagen-Graphen, Magnetotransport,
mechanisches Nanostrukturieren
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1 Introduction
Twisted bilayers of folded graphene are best introduced by taking a
look at the latter first:

Graphene has drawn massive scientific attention during the past
decade and exhibits - mechanically as well as electronically - a mul-
titude of fascinating properties[1]:

To begin with, its mere stable existence was long thought impos-
sible, as thermal fluctuations should melt a two-dimensional (2D)
crystal at any finite temperature1. Nevertheless, isolation of single-
atomic graphite planes was achieved as early as 1962 by Boehm[3],
who later also coined the term of graphene[4]. Geim and Novoselov
established the study of the material´s electronic properties in 2004[5],
awarding them the Nobel price in physics in 2010. Corresponding
avenue to the rich electronic spectra of graphene enabled first-time
observation of several fundamental physical concepts in practice:

In consequence of its two-sublattice structure, description of the
hosted electronic wave functions in graphene requires an additional
degree of freedom, which is often referred to as pseudospin. This
manifests in a nonzero Berry phase of π and the observation of an
anomalous, half-integer Quantum Hall Effect (QHE) for Monolayer
Graphene (MLG)[6, 7]. Low-energy MLG bands are furthermore lin-
ear, mimicking a relativistic scenario with zero rest mass and con-
stant Fermi velocity vF ≈ 1× 106 m s–1 as effective speed of light.

1a stable quasi-2D configuration is achieved via out-of-plane corrugation[2].
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1 Introduction

From a top-down point of view, Twisted Bilayer Graphene (TBG)
constitutes the most elementary example of turbostratic graphite; in
a bottom-up perspective it provides the ultimate model system for
van der Waals (vdW) interaction between 2D-crystals.

In many ways, TBG may be seen as a scaled reflection of MLG;
multiple characteristic aspects of the constituting layers reappear
- magnified in real-space; reduced in momentum as well as energy -
in the bilayer system:

The following section 2.1 treats the real-space to begin with:
Rotationally misaligned superposition of two lattices generally leads
to the formation of Moiré pattern, reflecting the original periodic
structure on a larger scale. For a discrete set of interlayer twist
angles, rotated lattices furthermore become commensurate, render-
ing the superstructures strictly periodic. Section 2.1.3 provides an
in-depth review of the underlying geometrical principals.

In addition, twisted layers will corrugate and distort in response
to varying interlayer lattice registry across a superstructure´s unit
cell; according impact on TBG morphology in different substrate
environments is discussed in sec. 2.1.4.

Section 2.2 reviews electronic dispersion, starting with a most
established interlayer coupling scenario: Individual rotationally
displaced bands of twisted layers persist in small energies until merg-
ing in avoided crossing, forming a van Hove singularity (vHs)[8, 9].
Fermi velocity is herein reduced with respect to MLG.

An alternative coupling model predicts the generation of secondary
Dirac singularities instead[10], which is a reflection of the above
introduced MLG pseudospin structure in the TBG dispersion.

In momentum-space, the superlattice periodicity is reflected in an
accordingly small Brillouin zone, leading to backfolding of the disper-
sion, which constitutes a further mechanism behind the generation
of secondary Dirac singularities at higher energy[11, 12].
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In general, the scenario of two conducting layers in closest possible
vicinity is associated with phenomena like excitonic condensation,
Coulomb drag or quantum capacitive screening of charge[13–15].
This renders the twisted graphene bilayer system a highly promising
platform for fundamental research and encourages its thorough
understanding which may furthermore be translated to stacked
vdW-heterostructures[16] for electronic devices.

The here presented findings are based on experimental studies of
TBG morphology as well as electronic structure.

Techniques and apparatus needed on the here taken route from
a piece of graphite to the resolution of Moiré superlattices in TBG
- or to electrical measurements on a sample in high magnetic fields -
are introduced in chapter 3. Special focus is herein directed to the
Atomic Force Microscope (AFM), on one hand serving for the
lithographic task of micromechanical manipulation, on the other for
imaging and detailed investigation of TBG morphology.

Section 4.1 continues with the topic of TBG preparation: The
method of choice for the present work lies in the folding of a MLG
sheet onto itself, thereby creating TBG with top and bottom layer
connected via a bended edge.

A here investigated method induces folding via AFM nanoindenta-
tion. A recently proposed thermally activated growth mechanism[17]
is identified in driving TBG expansion after mechanical initiation;
two classes of folded geometry can herein be distinguished and are
shown to follow individual growth dynamics.

Section 4.2 provides a systematic AFM study of sample morphol-
ogy for thusly prepared TBG samples:

In sec. 4.2.1, two methods for determining interlayer twist are
introduced and applied; the according distribution of twist angles
is discussed with respect to the above mentioned classes in folded
geometry.
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1 Introduction

Section 4.2.2 investigates TBG interlayer distance, finding large
variations over a span of ∼ 3 Å and a pronounced twist-angle depen-
dence. The results are discussed with respect to lattice corrugation
as well as interlayer commensuration.

A unique characteristic in here investigated TBG of folded MLG,
the connecting bended edge is shown to correlate with the parame-
ters of interlayer distance and twist angle in terms the folded length.
In the frame of the above introduced dynamic growth model[17],
these findings allow for inference of interlayer interaction energy,
as presented in sec. 4.2.3. Given its rounded cross-sectional shape
moreover, the folded edge may be viewed as half a carbon nano-
tube. The fold´s radius of curvature is found to scale with the folded
length, in fact reflecting earlier theoretical nanotube studies.

In sec.4.2.4, enhanced AFM-measured friction on the TBG surface
is furthermore discussed with respect to superlubricity in between
incommensurate layers[18]. The bended edge is herein found to have
a stabilizing effect.

Chapter 5 finally investigates the electronic structure of TBG in
magnetotransport experiments, finding indications for three distinct
scenarios as introduced in sec. 2.2.

In section 5.1 the spectra of two decoupled MLG dispersions with
reduced Fermi velocity are observed in low energies. The signatures
are enriched by the induction of layer asymmetries via a capaci-
tive gate, which is described by a screening model accounting for
electron-hole asymmetry and Fermi velocity renormalization.

In high energies, a theoretically anticipated change in Berry phase
is detected[19, 20]; magnetic-field dependence in the phase transition
is discussed in terms of Fermi-energy pinning to different Landau
levels.

20



Section 5.2 reports on additional Landau fans in longitudinal
magnetoresistance which arise in two distinct electronic scenarios:

In case of the first-presented TBG transport signature, differ-
ent degrees of degeneracy are found between the respective Landau
fans, which - in conjunction with the analysis of their occurrence in
different charge carrier concentration - indicates manifestation of the
alternative coupling model from ref.[10].

In two further samples, the generation of additional Dirac singu-
larities can be attributed to backfolding at the mini-Brillouin zone
boundary of the TBG superlattice. A special sample geometry is
herein found to promote an effective electronic scenario which is
similar to the one in heterostructures of graphene on a substrate of
hexagonal Boron Nitride (hBN)[11].

Observation of the above variety in electronic scenarios is dis-
cussed with respect to different degrees of rotational mismatch.
Moreover, the oftentimes neglected role of lattice corrugation and
distortion will be a recurrent theme in explanation of here found as
well as elsewhere reported TBG spectra, which ties together the two
investigated aspects of morphology and electronic structure.
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2 Graphene and
its Twisted Bilayer:
Theoretical Background

The following chapter is designed to provide theoretical background
for the main experimental findings presented in chap. 4 and chap. 5.
Furthermore it should be considered as review and compendium of
the current state in TBG-research.

Organized in three sections building on each other, this chapter
starts with the lattice structures of MLG and TBG (sec.2.1), contin-
ues with the corresponding electronic dispersions (sec. 2.2) and ends
with the expected magnetotransport behavior (sec. 2.3). Theoreti-
cal prediction is compared to experimental studies on TBG, in some
aspects extending to the related field of graphene on a substrate of
hBN.

Special attention is given to the angle-dependent superstructures
between rotated lattices in the first section 2.1: Making for a fasci-
nating geometric study in their own right, Moiré pattern (sec. 2.1.2)
and commensurate superlattices (sec. 2.1.3) sensitively determine
TBG band structure and quantization in magnetic field; subtle nu-
ances in real-space structure may significantly influence electronic
features (sec. 2.2.3). Furthermore, periodic long-range corrugations
provide accurate means to determine interlayer rotation via scan-
ning probe microscopy (sec. 4.2). A thorough understanding of the
underlying structures is therefore of central importance and will be
developed in the following.
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2 Graphene and its Twisted Bilayer: Theoretical Background

2.1 Lattice Structure
The basis of a crystal´s physical properties lies in its chemical com-
position and lattice structure. The present section will therefore
start with the element of carbon and one of its allotropes, the two-
dimensional sp2-network also known as a single layer of
graphene[4, 21] (sec. 2.1.1).

A geometrical view is then taken on the interposition of two such
identical honeycomb lattices under an arbitrary angle of rotation,
which is the structure of the twisted graphene bilayer. In sec. 2.1.2
and sec.2.1.3, corresponding angle-dependent superstructures[22–25]
are reviewed and classified in terms of lattice commensurability: In-
commensurate Moiré pattern have been detected in early
Scanning Tunneling Microscope (STM)-studies on the surface of
turbostratic graphite[26]. Later, band structure calculations for
TBG generally required consideration of commensurate superlattices
for the application of Bloch´s theorem.

Beyond this important distinction, the TBG structure is currently
disclosing further aspects of considerable complexity:

In progress for decades[27, 28], research on the geometry of super-
lattices continues to reveal novel phenomena: Characterized by their
sublattice exchange symmetry, two different commensuration classes
in TBG were pointed out in ref.[29] and most recently proved to be of
experimental relevance[30]. The corresponding intricate geometries
are illustrated towards the end of sec. 2.1.3.

Finally, a most recent development goes beyond the purely geo-
metric approach of rigidly interposed lattices: the presently evolv-
ing focus on lattice distortion in stacked 2D-materials with periodic
superstructures is discussed in sec. 2.1.4. Out-of-plane corrugation
and in-plane distortion arise due to relaxation of atomic positions
in response to periodic variation in local stacking configuration[25,
31], which may have significant impact on the properties of TBG
(cf. sec. 2.2 and chap. 5).
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2.1 Lattice Structure

2.1.1 Monolayers and AB-stacking

a1a2

bG

1 nm x

y

aG=246 pm
a b

A
B

Figure 2.1 a: Graphene´s honeycomb structure with dots as
sp2-hybridized carbon atoms at lattice positions. Sublattices A and
B are marked in black and red respectively. Two representations
of a primitive unit cell are drawn in yellow. b: Primitive unit cell
with two-atomic base of atoms A (black) and B (red) and lattice
vectors a1,2. The scalebar to the top spans one lattice constant, the
coordinate system to the bottom provides a frame for eq. 2.1.

In its ground state, the carbon atom´s electronic configuration
is 1s2 2s2 2p2 with two singly occupied orbitals 2px , 2py according
to Hund´s second rule. Excitation of an electron from the doubly
occupied 2s2-orbital to the 2pz -orbital thus increases the number
of possible bonds by a factor of two, which is energetically favor-
able in the presence of available bonding partners. An even lower
energetic state is achieved in mixing between the four valence shell
orbitals by linear combination of the corresponding wave functions:
The 2s and three 2p-orbitals hybridize to four equivalent sp3-orbitals
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2 Graphene and its Twisted Bilayer: Theoretical Background

in tetrahedral symmetry, leading to the diamond cubic crystal struc-
ture[32]. The pz -orbital may be excluded from mixing, hybridizing
the remaining 2px - 2py- and 2s-orbitals in three sp2-orbitals. These
lie in the xy-plane, separated by angles of 120° in C3-symmetry
and are responsible for the graphitic lattice structure (fig. 2.1): the
building block of graphite, fullerenes[33], carbon nanotubes[34] and
graphene[1].

The honeycomb pattern arising from σ-bonds between
sp2-hybridized carbon atoms is not a Bravais lattice. A bi-atomic
basis of neighboring atoms A and B (fig. 2.1, black and red respec-
tively) is therefore needed to describe the hexagonal structure via a
trigonal lattice. The carbon-carbon bond length in graphene lies at
bG = 142 pm[2], primitive translations follow from geometry as

a1 = aG

(
1/2√
3/2

)
a2 = aG

(
–1/2√
3/2

) (2.1)

with lattice constant aG = 246 pm and in the coordinate system to
the bottom of fig. 2.1 b.

In structures built of multiple graphene sheets (i.e. graphite or
fewlayer graphene), the most common configuration lies in Bernal-
or AB-stacking. Layers are weakly bound by vdW-interaction; the
interlayer distance is ∆hAB = 3.35 Å[35]. Figure 2.2 shows the lat-
tice of an AB-stacked graphene bilayer with its name-giving coinci-
dent A- and B-sites in bottom and top layer respectively (see legend
to the bottom). Starting at overall congruent AA-stacking, there are
two ways to achieve Bernal-stacking: The first lies in a translation
along bG to the site of a nearest neighbor as indicated by the blue
arrow in fig. 2.2, the second in a 60°-rotation around an arbitrary
lattice site as indicated in green (top left, fig. 2.2).
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2.1 Lattice Structure

In terms of TBG, AA-stacking and AB-stacking may thus be un-
derstood as the extreme cases of 0°- and 60°-rotation angle. The
general cases of rotational mismatch angles 0° < θ < 60° are dis-
cussed in the following sec. 2.1.2.

AB HA BH

60°

bG

Figure 2.2 Right: Two hexagonal lattices interposed in AB-stacking
configuration. Sublattices are marked in gray (A) and red (B), inter-
positions of bottom and top layer are AB, HA and BH as indicated
in the legend to the bottom, where H marks a hexagon center. Left:
Two hexagonal unit cells, interposed in Bernal-stacking, achieved
from AA-stacking by rotation (top) and translation (bottom) re-
spectively.
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2 Graphene and its Twisted Bilayer: Theoretical Background

2.1.2 Twisted Bilayer Graphene: Moiré
Superstructures

Superposition of identical geometric structures under an angle of
rotational mismatch will give rise to an apparent reflection of the
original pattern at a larger scale (also applicable to aligned structures
of slightly different periodicity). These long-range modulations are
known as Moiré superstructures[36–38], the denomination deriving
from the french expression for a special treatment of cloth[37, 38].

i

ii

iii

i

ii
iii
iv

Figure 2.3 Two hexagonal lattices, twisted against each other by
an angle of 16.426°. Most notable to the eye is a Moiré pattern with
unit cell marked in red. Three of its corners (i – iii) are magnified
in the inset to the left. The fourth corner (iv) coincides with lattice
sites of both twisted layers. Marked in yellow is a strictly commen-
surate superstructure of twice the Moiré wavelength (notice two red
transparent rhombi fitting into the yellow one).

Perceivable by the human eye in graphical representation (fig.2.3),
the Moiré pattern also manifests itself on the nanoscale between
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2.1 Lattice Structure

rotated atomic lattices: Periodic real-space variations observed in
STM-measurements on the surface of graphite were first connected
with rotational mismatch of an atomic top layer in ref.[26]. Since
then, superstructures have been routinely resolved via Transmission
Electron Microscope (TEM)[24], Low Energy Electron Diffraction
(LEED)[39] and AFM[40] (see also sec. 4.2.1 for the latter).

It shall be noted that the perceived periodicity λM of detected
Moiré modulations (e.g. in optical contrast, density of states or height)
does, in general, not reflect a commensurate lattice on the atomic
scale: Figure 2.3 shows a TBG-schematic featuring bright and dark
rings, which alternate in an apparently periodic fashion (marked in
red). As evident from the atomically nonequivalent corner positions
of the Moiré unit cell however (fig. 2.3, inset to the left), the cor-
responding superstructure is not strictly periodic. In the depicted
example, a true, commensurate lattice may be found at wavelength
λC = 2 · λM (fig. 2.3, indicated in yellow).

The existence and wavelength of commensurate structures at a
given rotational mismatch will be discussed in sec. 2.1.3; a mathe-
matical description of the visually dominant Moiré pattern is pro-
vided in the following.

Various approaches lead to an expression for the Moiré superstruc-
ture between two given lattices[36–38, 41]. Here, the superposition
of trigonometric functions and simple relations in reciprocal space
are employed to sketch out the principles involved: Consider two
identical line grids, rotated against each other by an angle of θ. Line
spacing a and orientation shall be given by wave vectors

k = 2π
a

(
cos (0)
sin (0)

)
, q = 2π

a

(
cos (θ)
sin (θ)

)
respectively. To describe the lines and gaps via an intensity 0 ≤ IG ≤ 1
in dependence on position vector x, squared cosine functions

cos2 (kx/2), cos2 (qx/2)
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2 Graphene and its Twisted Bilayer: Theoretical Background

are chosen as an approximation of grids (the denominator of 2 in the
cosines´ arguments compensating for the effective doubling of wave
number upon squaring). Panels a and c of fig. 2.4 show the above
functions as maps of intensity for an example rotation of θ=30° .

The two grids are superposed by summation of the corresponding
functions (left-hand side of eq. 2.2), giving rise to the Moiré pat-
tern depicted in fig.2.4 b. Mathematically, trigonometric identity[42]
yields:

cos
(kx

2

)2
+ cos

(qx
2

)2
= 1 + cos

(k – q
2 x

)
· cos

(k + q
2 x

)
. (2.2)

The cosine functions in the product on the right-hand side of eq. 2.2
are depicted in fig. 2.4 d,e. Apparently, there is a long-wavelength
intensity modulation of wave vector

G/2 = k – q
2 , (2.3)

effectively acting as an envelope for a perpendicularly propagating
modulation of smaller wave number

|k + q|
2 ≈ |k| = |q| (2.4)

at reasonably small θ.
The former, envelope function of wavelength λG/2 = 4π|G|–1 is

responsible for the perceived Moiré periodicity λM which is half
of λG/2 (compare black arrow and green bar, fig. 2.4 b). The two
wavelengths may be reconciled by looking at the average intensity
along the dashed parallel lines in fig.2.4 b, integrating over the much
smaller features described by eq. 2.4: Evidently the only difference
between intensity modulations along black and white line is an ef-
fective phase shift of π (see black and white ovals, fig. 2.4 b) which
is not significant to the human eye (and likewise a microscope of
limited resolution) at |G| � |k|.
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2.1 Lattice Structure

a b c

d e f

2 × 2π|k|-1
0° 30°

-75° 15° kx

ky

G/2

k

max

q

2π|k|-1

4π|G|-1=4π|k-q|-1 4π|k+q|-1

2π|q|-1

min  
IG

λM

θ /2

Figure 2.4 a: Periodic line pattern; first summand on the left-
hand side of eq. 2.2. The wavelength is indicated in yellow. b: Sum
of line patterns in a and c. Periodicities are marked in blue and
green. Ovals mark noneqivalent features in the pattern, dashed lines
indicate paths of equal average intensity IG. c: Periodic line pattern;
second summand on the left-hand side of eq. 2.2. The wavelength
is indicated in red. d: Envelope and first factor of the product on
the right-hand side of eq. 2.2. The wavelength is marked in green.
e: Average of a and c in terms of wave vector (wavelength marked
in blue) and second factor of the product on the right-hand side of
eq. 2.2. f: Schematic of reciprocal space: wave vectors of the four
cosine functions in eq. 2.2 are depicted according to the color code
used in panels a-e.
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2 Graphene and its Twisted Bilayer: Theoretical Background

Analog to the perceived volume modulations in acoustic beat[43],
the Moiré wavelength in rotated grids of reasonably small twist an-
gle θ is therefore given by the difference G between the original wave
vectors k and q as λM = 2π/|G|. Alternative to eq.2.3, |G| is readily
derived via trigonometry as suggested in fig. 2.4 f, yielding

λM(θ) = a
2 · sin(θ/2) , (2.5)

with the one-dimensional relation |k| = 2π
a .

The above reasoning can analogly be extended to more complex
two-dimensional lattices[36, 37] like graphene, ultimately reaching
the same relation, expressed in eq. 2.5. Because of graphene´s C6-
symmetry, twist angles 30° ≤ θ ≤ 60° are equivalent to 60° – θ in
terms of Moiré wavelength. Therefore, only angles 0° ≤ θ ≤ 30° need
to be considered for all possible λM as depicted in fig. 2.5.

Figure 2.5 Moiré wavelength λM in
dependence on rotational mismatch
θ between two rotated lattices. The
wavelength reaches its minimum of
λM = 475 pm at θ = 30° and diverges
to infinity as θ → 0°. In between there
is a rapid increase of wavelength for
θ . 10° towards smaller angles (notice
the logarithmic scale).

100

3020100

M
(n

m
)

(°)

1

While Moiré modulations are visually dominant (fig. 2.3), a con-
venient indicator of interlayer rotation[9, 12, 44, 45] and in large
parts responsible for TBG-electronic structure[41, 46–48] (see also
sec. 2.2), there are phenomena in TBG-physics which can only be
understood in terms of lattice commensuration[29, 30, 49]. The con-
ditions for the emergence of these strictly periodic superlattices are
investigated in the following sec. 2.1.3.
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2.1 Lattice Structure

2.1.3 Twisted Bilayer Graphene: Commensurate
Superlattices

In the following, an expression for all possible commensurate super-
structures between two identical trigonal lattices shall be derived.
Notation mostly follows ref.[23]; aspects of perspective and ideas of
visualization were furthermore inspired by refs.[22, 25, 29, 50–52].

a1a2

1
2

3
4

5

6

P1Q1

Q6

Figure 2.6 Representation of one of the two trigonal sublattices of
graphene (dots) with unit vectors a1 and a2 (black arrows). The
circle defines a shell of lattice sites (colored dots) equidistant to the
center (black dot). C6-periodic sectors with one P- (blue) and Q-
(red) lattice site each are marked by numbers 1-6. Curved yellow
arrows indicate possible commensurate lattice rotations.

A sensible approach to the problem starts with two congruently
aligned trigonal lattices with the center of rotation set to a lattice
position (fig. 2.6). This defines an origin around which lattice sites
may be rotationally displaced on equidistant shells (e.g. black circle,
fig.2.6). Because of the trigonal lattice´s C6-symmetry, 60°-rotation
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2 Graphene and its Twisted Bilayer: Theoretical Background

is equivalent to unity; each C6-periodic sector (1 to 6, fig.2.6) houses
two lattice sites Pc and Qc for every shell c (blue and red dots
in fig. 2.6). All commensurate rotations are therefore described by
two maps M : P1 7→ Q1 and M ′ : Q6 7→ P1 as marked by the yellow
arrows in fig. 2.6.

Corresponding superlattice wavelengths are λC = λC
′, rotation

angles θ = 60° – θ′ within a given shell. Parameters may generally
be expressed via the scalar product

pi · qj = cos (θ) · λC
2 (2.6)

of vectors pi, qj from the center of rotation to lattice sites Pi, Qj
(black dot to colored dots, fig. 2.6), where

λC = |q1| = |q6|

= |p1| = |m · a1 + n · a2| =
√

m2 + mn + n2 · aG
(2.7)

with integers n, m. Using the above relations, eq. 2.8 finds the ex-
pressions for commensurate rotation angles which may be indexed
by a pair of integers θ(m, n) and θ′(u, v), according to the number of
unit vectors a1, a2 needed to build the corresponding pi, qj. Note
that only coprime pairs of indices m, n (u, v) have to be considered
for the full set of commensurate structures, as all else describes mere
integer multiples of a smallest possible wavelength correspondent to
the primitive superlattice unit cell. Furthermore, indices m, n (u, v)
commute with respect to superlattice wavelength and a twist angle
between 0° to 60°, so only n < m (v < u) need to be considered.
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2.1 Lattice Structure

P1 7→ Q1
p1 · q1 = [m · a1 + n · a2] · [n · a1 + m · a2]

=
(

1
2m2 + 2mn + 1

2n2
)
· aG

2

⇒ cos (θ) = 1/2 ·m2 + 2mn + 1/2 · n2

m2 + mn + n2

(2.8a)

Q6 7→ P1
q6 · p1 = [(u + v) · a1 – v · a2] · [u · a1 + v · a2]

=
(

u2 + uv – 1
2v2

)
· aG

2

⇒ cos
(
θ′
)

= u2 + uv – 1/2 · v2

u2 + uv + v2

(2.8b)

Figure 2.7 visualizes the results from eq.2.8 in a plot of wavelength
vs. twist angle: Commensurate parameter pairs from map M are
depicted in yellow shifting to red for rising index n (eq.2.8a), results
from map M ′ are color-coded in blue growing darker for rising index
v (eq. 2.8b).

Notably, the lower bound of commensurate wavelengths λC falls
together with the continuous Moiré relation at discrete angles grow-
ing increasingly dense for θ → 0° and θ′ → 60°. Corresponding struc-
tures are described by (m – n) = 1 and (u – v) = 1 (see examples
in fig. 2.7), which can be understood mathematically by combining
equations 2.6, 2.7 and 2.8a to

λC
2 – 1

2 (m – n)2 aG
2 = cos (θ)λC

2

and using the trigonometric identity[42] 1 – cos (θ) = 2 sin2 (θ/2), to
get:

λC = |m – n|aG
2 sin (θ/2) .
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Figure 2.7 Superlattice wavelength λC in units of graphene´s lattice
constant aG vs. interlayer twist angle θ for commensurate structures
of indices (m, n) ≤ (100, 100) corresponding to map M (eq. 2.8a, or-
ange dots) and (u, v) ≤ (100, 100) corresponding to map M ′ (eq.2.8b,
blue dots). Gray line: Moiré wavelength λM in units of graphene´s
lattice constant aG vs. interlayer twist angle. Gray arrows mark
selected commensurate pairs of identical twist angle with M - and
M ′-origin respectively.
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2.1 Lattice Structure

The above results are often regarded as conclusive in describ-
ing all possible commensurate superstructures by an angle of ro-
tational mismatch and the correspondent wavelength of a primitive
unit cell[22, 25, 41, 50]. However there still appear to be angles of ro-
tational mismatch with doubly defined wavelengths λC(θ) 6= λC(θ′)
(examples indicated by gray arrows in fig. 2.7), the larger of which
thus characterize non-primitive unit cells by definition.

Where a single map M on its own acts as a proper function
θ 7→ λC(θ) by restriction to coprime index pairs m, n (same for map
M ′ and indices u, v), there is an ambiguously defined subset of wave-
lengths between both maps. Combining M and M ′ to one function
and determining criteria for the elements of this subset, the following
pages provide analytical expression and geometrical understanding
inspired by refs.[23, 29, 52]: It will prove useful to introduce indices
r = m – n and s = u – v and rewrite the results of eq. 2.8 as

cos (θ) = 1/2 · n2 + 2 (r + n) n + 1/2 · (r + n)2

n2 + (r + n) n + (r + n)2

= 3n2 + 3nr + 1/2 · r2

3n2 + 3nr + r2

= 3 (n + r/2)2 – (r/2)2

3 (n + r/2)2 + (r/2)2

(2.9a)

cos
(
θ′
)

= (s + v)2 + (s + v) v – 1/2 · v2

v2 + (s + v) v + (s + v)2

= s2 + 3vs + 3/2 · v2

3v2 + 3vs + s2

= (s + 3v/2)2 – 3 (v/2)2

(s + 3v/2)2 + 3 (v/2)2 = 3 (s + 3v/2)2 – (3v/2)2

3 (s + 3v/2)2 + (3v/2)2

(2.9b)
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2 Graphene and its Twisted Bilayer: Theoretical Background

Evidently, maps M and M ′ may be expressed in equivalent form,
where s and 3v in map M ′ take the place of n and r in map M . All
commensurate angles are therefore given by map M alone where at
every r equivalent to 3v with

r mod 3 = 0,

the wavelength λC, expressed in eq. 2.7 is reduced by a factor of
√

3
(note that in the last step of eq. 2.9b, the fracture gets enhanced by
3, making the denominator equal to 3× λC

2).

r=3

s=1

A

B

a1
a b

j=1
j=2
j=3
j=4

i=1

j=0

i=0 b1

b2
a2

Figure 2.8 a: Honeycomb structure of graphene with two shells
A ((m, n) = (4, 1) / (r , n) = (1, 1)) and B ((u, v) = (2, 1) /
(s, v) = (1, 1)) marked as concentric circles.

√
3 ×
√

3- and prim-
itive structure are marked in yellow and green respectively. Red in-
dices i, j describe shell B in terms of nearest-neighbor vectors. Inset:
Magnified unit cell with vectors a1,2, b1,2. b: Two lattices twisted
by 38.213°. Primitive and

√
3 ×
√

3-non-primitive commensuration
cell are indicated in green and yellow respectively.
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2.1 Lattice Structure

The significance of ”r mod 3 = 0”-structures is inherently rooted
in graphene´s trigonal lattice and may be understood geometrically
in the example of fig. 2.8: A vector qb

1 = mbb1 + nbb2 (with b1, b2
connecting nearest neighbors as indicated in the inset to the top)
relates to vector q1 = na1 + ma2 of map M by –30° rotation and
scaling by 1√

3 for (mb, nb) = (n, m). The following table lists indices
mb, nb and their difference rb = nb – mb, at which qb

1 connects two
sites of the same sublattice (gray dots in the example of fig. 2.8),
where i, j are auxiliary integers.

mb nb rb

3i 3j 3(i-j)
1+3i 1+3j 3(i-j)
2+3i 2+3j 3(i-j)

Table 2.1: List of possible index pairs mb, nb and corresponding
rb = nb – mb for which qb

1 connects two sites of the same triogonal
sublattice.

The factor of 3 stems from the repeating threefold sequence of two
sublattices sites (gray, red) and a vacancy (empty hexagon center)
along the direction of both b1 and b2. Therefore, qb

1 is a lattice
translation vector for every rb with rb mod 3 = 0, rendering the
larger vector q1 non-primitive for every r with r mod 3 = 0. Note
that lattice translation, qb

1 may also be described in terms of a1,a2
by map M ′ as in eq. 2.9b, where (u, v) = (2, 1), reconciling algebraic
with geometrical approach.

With the above corrections, the complete set of primitive super-
structures between two twisted graphene lattices has been attained.
Figure 2.9 depicts the results in terms of wavelength λC vs. twist
angle θ for indices (r , n) ≤ (500, 500); ”r mod 3 = 0”-structures are
plotted in blue.
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Figure 2.9 Colored dots: Superlattice wavelength λC in units of
graphene´s lattice constant aG vs. interlayer twist angle θ for com-
mensurate structures of indices (r , n) ≤ (500, 500). Structures are
plotted in blue for r mod 3 = 0 and red for r mod 3 6= 0. Charac-
teristic positions at 21.787° and 38.213° are emphasized. Gray lines:
Moiré wavelength λM in units of graphene´s lattice constant aG vs.
interlayer twist angle θ.
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2.1 Lattice Structure

In analysis of fig. 2.9 it shall be noted that twist angles of 21.787°
and 38.213° respectivly appear to have a prominent position in the
commensurate parameter space, occupying exclusive spots within a
radius of more than 2.5° and 10aG as indicated by colored ellipses.
This is explained by many non-primitive superstructures in the vicin-
ity of the corresponding, very elemental index pairs of (r , n) = (1, 1)
and (r , n) = (1, 3) → (s, v) = (1, 1) and will be of significant
importance for the understanding of measured interlayer spacing ∆h
in TBG, presented in sec. 4.2.2.

With respect to twist angle and wavelength, the commensurate
structures are strictly symmetric around 30°, with symmetry pairs
being of ”r mod 3 = 0”- and ”r mod 3 6= 0”-origin respectively
(fig. 2.9, displayed in red and blue). Taking into account the sec-
ond sublattice however, significant structural difference in between
each symmetry pair becomes evident, rendering all structures an-
tisymmetric around 30° with respect to their inherent sublattice
exchange (SE) symmetry. The distinction was pointed out as late as
2010 by Mele[29] and has important consequences in the electronic
dispersion of TBG[30] (see also sec. 2.2). In the following, SE-odd
and SE-even superstructures are introduced and compared in a vi-
sual example. A brief geometrical consideration then identifies the
root of a particular SE-symmetry in the map M or M ′ behind the
according structure.

Figure 2.10 shows an example of two TBG-structures, which are
commensuration partners. The term was coined in ref.[29] and de-
scribes two commensurate superlattices arising at θ and 60° – θ re-
spectively. As shown above and evident from graphical representa-
tion, the wavelengths are of equal length in both structures.

41



2 Graphene and its Twisted Bilayer: Theoretical Background

However, where the long diagonal of the superlattice unit cell (yel-
low rhombus, fig. 2.10) crosses two mixed sites of sublattice B and
hexagon center H at θ=21.787°, equivalent positions are occupied
by coinciding BB and HH spots at θ=38.213°.

21.787° 38.213°

AA BBHB / BH HH

a b

Figure 2.10 Schematic of TBG-structures with identical wavelength
λC (unit cell marked in yellow) at different twist angles θ and 60°– θ
respectively. Transparent black and red dots represent sublattice
A and B respectively. a: SE-odd structure at rotational mismatch
angle θ=21.787°. Only sites of sublattice A coincide. b: SE-even
structure at rotational mismatch angle θ=38.213°. Coinciding sites
of both sublattices (AA, BB) and hexagon centers (HH ) reconstruct
the hexagonal lattice structure of a graphene mono- or AA-stacked
bilayer (marked in white).

Coincident H -sites lend the latter structure its lighter appearance;
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2.1 Lattice Structure

coincident B-cites render it symmetric in terms of the two sublat-
tices. The superlattice to the right-hand side is therefore described
as SE-even, where its counterpart is SE-odd. In fact, the comple-
mentary structures may be viewed as superlattice representation of
AA- and AB-stacking respectively[29], also comprehensible from the
sensible representation of the SE-even unit cell in hexagonal form
(fig. 2.10 b, marked in white).

The emergence of SE-even structures with coincident sites in both
sublattices may be understood via consideration of linear combina-
tions in b1 and b2 (cf. the geometrical approach to ”r mod 3 = 0”-
structures on p. 39). Encircled in black, fig.2.11 shows pairs of lattice
sites to be rotationally superposed according to map M (panel a) and
map M ′ (panel b) respectively. Vectors between rotation center and
according A-sublattice sites are indexed by integers (m, n) and (u, v)
respectively acting as prefactors to lattice vectors a1, a2. Encircled
in red are sites of sublattice B, described by indices (mb, nb) =
(m, n) and (ub, vb) = (u, v) respectively, serving as prefactors to
vectors between nearest neighbors b1, b2 (see inset of fig. 2.11).

As evident from symmetry considerations, map M inherently fore-
stalls rotational superposition of B-sublattice sites. Instead, B-sites
will be mixed with hexagon centers H (fig. 2.11 a, corresponding
H -spots are marked by red crosses). Map M -structures and there-
fore all commensurate superlattices with r mod 3 6= 0 (remember
eq. 2.9 and following discussion) are therefore to be placed in the
SE-odd category.

In contrast, map M ′ superposes B-sublattice sites with their mirror-
symmetric equivalent if described by a given index pair
(ub, vb) = (u, v). The latter condition is evaluated by counting out
atomic positions in direction of b1 and b2 respectively and consid-
ering the periodic repetition in threefold sequences of A, B and H .
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2 Graphene and its Twisted Bilayer: Theoretical Background

Results are listed in tab. 2.2; in summary, a sublattice-B site is de-
scribed by indices (ub, vb) for every sb with

sb mod 3 6= 0. (2.10)

A- and B-symm.A-symm. A-symm. A- and B-symm.

a b

map M map M’

b1

b2

Figure 2.11 Schematics of the graphene lattice with sublattices A
(gray) and B (red). The inset shows two vectors, connecting near-
est neighbors. a: Encircled in black are A-sublattice sites to be
superposed by map M (leading to alternative commensurate struc-
tures for solid and dashed lines respectively). Encircled in red are
B-lattice sites which will be mapped to hexagon centers (marked by
red crosses) due to the lack of sublattice mirror symmetry around
the axis marked in black. b: Encircled in black are A-lattice sites to
be superposed by map M ′ (again with alternative structures for solid
and dashed lines). Encircled in red are B-lattice sites which will be
mapped onto each other by the same rotations as the A-lattice sites.

In the context of the combined map introduced on p. 38, map
M ′ is only needed when map M produces non-primitive structures
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2.1 Lattice Structure

at r mod 3 = 0. In that case, indices (r , n) of map M translate to
indices (s, v) = (n, r/3) in map M ′. From definition of n and r as
coprime and r mod 3 = 0 follows s mod 3 6= 0 with s = n. As sb = s
(initial assumption: (ub, vb) = (u, v)), eq. 2.10 is fulfilled leading to
the ultimate statement that every ”r mod 3 = 0”-structure is in fact
SE-even.

ub vb sb

3i 1+3j -1+3(i-j)
1+3i 2+3j -1+3(i-j)
2+3i 3j 2+3(i-j)

Table 2.2: List of possible index pairs ub, vb describing vectorial
interconnection between sublattices. The difference sb = ub – vb is
denoted to the right, i and j are auxiliary integers.

The full set of commensurate structures is therefore divided in
two halves of opposite SE-symmetry, as visually evident from fig.2.9
with SE-odd structures plotted in red and SE-even commensuration
partners marked in blue.

Notice however that rotational symmetry is dependent on the
choice of rotation axis: Figure 2.12 shows stacks of two lattices,
rotated against each other by θ and θ′ = 60° – θ in top and bottom
panels respectively. In panels a and d, the center of rotation pins
together a common lattice site, giving rise to commensuration part-
ners as introduced above. In panels b and e, a lattice site in the
top layer is pinned to a hexagon center in the bottom lattice, giving
rise to SE-odd structures at both angles. Panels c and f illustrate
rotation around a common hexagon center, which leads to SE-even
symmetry at θ and θ’. Evidently, C3-symmetry with nonequivalent
structures at θ and θ′ = 60°–θ is given at only one of three commen-
surate rotation centers. The C6-symmetry of the trigonal sublattice
is restored in both other cases.
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2 Graphene and its Twisted Bilayer: Theoretical Background

Notice further, that translation along one binding length bG be-
tween layers may change SE-symmetry from odd to even and vice
versa, as suggested by the red lines in fig. 2.12, indicating transla-
tions of the bottom in relation to the top layer with respect to the
corresponding left-hand side panel. Not being inherently linked to
rotational mismatch, SE-symmetry is therefore not a robust feature.

a

b

c

d

e

f

Figure 2.12 Schematic of twisted bilayers with θ=21.787° (top pan-
els) and θ=38.213° (bottom panels). The axis of rotation has been
fixed at a common lattice site (left panels), a site of coinciding lat-
tice site and hexagon center (middle panels) and a common hexagon
center (right panels) respectively. SE-odd structures are identified
by a rhombic, SE-even structures by a hexagonal unit cell.

Furthermore, commensuration partners resemble each other closely
for small θ (large θ’=60°-θ): Where at large angles, coinciding hexagon
centers distinguish the SE-even structure´s appearance (fig. 2.10),
coincidence of A-sites at small interlayer twist leads to areas of over-
lapping hexagon centers in SE-odd structures as well (see fig. 2.13).
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Furthermore, where coinciding B-atoms and hexagon centers closely
approximate AB-stacking at θ close to 0° in the SE-odd structure,
the same goes for coinciding A-atoms (AA) and coinciding B-atoms
(BB) in the SE-even structure at θ′ close to 60°.

AA

AA

BH

HB HHBB

‘

Figure 2.13 Commensuration partners at 3.481° (left) and 56.519°
(right). The superlattice unit cell and three nonequivalent commen-
surate spots are marked in white. Magnifications of the unit cells
in bottom layer (left) as well as top layer of the SE-odd structure
(middle) and SE-even structure (right) are depicted to the bottom.

Both structures are therefore characterized by alternating approxi-
mations of AA-, AB- and BA-stacking in the low-angle range, which
raised doubts about the physical relevance of a distinction at the
smallest twist angles[23]. At large angles however, distinct signa-
tures in electrical resistance through a rotatable junction of graphite
recently provided experimental hints towards an electronic manifes-
tation of the two commensuration classes[30].
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2.1.4 Lattice Distortion and Relaxation
Following the geometric considerations for the interposition of two
rigid lattices in the previous sections, the following pages will focus
on a recent development in the research on superstructures in vdW-
heterostructures: the corrugation and distortion of lattice planes in
response to alternating local stacking configuration. The motivation
behind corresponding efforts derives from the following:

AA

AB

BA

HB

BH

AA
2 nm

Figure 2.14 Two lattices (green top, gray bottom) interposed un-
der a commensurate angle of 3.150°. Yellow circles mark areas of
approximate AA- and AB/BA-stacking around the symmetry spots
as magnified to the right (yellow dots mark commensurate position).

Figure 2.14 shows interposed graphene lattices under a relatively
small angle of rotational mismatch. The low degree of twist has two
important implications: Firstly, there are relatively large areas with
slowly changing similar stacking configuration around the symmetry
spots (yellow dots, inset to the right) in the unit cell. Secondly,
the stacking in these areas closely approximates aligned AA- and
AB/BA-stacking respectively, as introduced in context of fig. 2.13.
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As AA- and AB-stacking generally give rise to different interlayer
distance[22, 35, 53–55], one can therefore expect a periodic corruga-
tion of the stacked lattices in z-direction, following the local registry
variations in the superlattice xy-plane.

Experimentally, the shape and amplitude of corrugations is diffi-
cult to determine. The prevalent technique for superlattice resolu-
tion lies in STM measurements. Height profiles at constant tunneling
current are highly sensitive to variations in the electronic Density
of States (DoS) however, which can be expected to depend on local
stacking configuration. Therefore STM-measured corrugation am-
plitudes tend to vary strongly with tunneling condition and cannot
be trusted easily[56, 57].
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Figure 2.15 STM-measurements of corrugation (expressed as dif-
ference between corrugation maxima and minima) in chemical vapor
deposition (CVD)-grown TBG of various twist angles. Depicted in
light green are data from ref.[56], in dark green from ref.[58]. Range
of corrugation for a given θ stems from different tunneling conditions.

One universal behavior is found unanimously though: Corrugation
amplitudes grow with the size of the superlattice unit cell towards
smaller interlayer twist as shown in fig.2.15 (data from refs.[56, 58]).
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2 Graphene and its Twisted Bilayer: Theoretical Background

This is understood intuitively, as bending associated to a local eleva-
tion will require less energy when distributed over a longer distance.
Furthermore, local stacking registry will resemble perfect AA- or
AB-stacking more closely at smaller rotational mismatch.

A straightforward way to theoretically model superlattice corru-
gation lies in considering out-of-plane relaxation in atomic positions
as simulated via quantum chemistry methods in ref.[54] and via large
scale density functional theory in ref.[53]. Moiré pattern corrugation
is hereby found to take sinusodial shape[53] which is qualitatively
confirmed via an analytical approach in elasticity theory[58].

out-of-plane

Figure 2.16 Sinusodial shape taken on by superlattice corrugations.
Black dots signify carbon atoms which may relax in the out-of-plane
direction.

Experimental findings on graphene lying closely aligned atop a
substrate of hBN however[59], gave the research on lattice relax-
ation and distortion a new direction: As depicted in fig. 2.17 a, a
Moiré pattern arises between graphene and hBN due to a lattice
mismatch of δ = ahBN/aG – 1 ≈ 1.8 %, where the wavelength of the
superstructure λhBN reaches its maximum at perfectly aligned lat-
tices[60]. In such a structure, graphene´s lattice constant was de-
tected to spatially vary by ∼ 2 % as depicted in fig. 2.17 b,c[61]. As
theoretically understood in refs.[31, 62], areas of energetically favor-
able BA-stacking (aligned carbon and boron atoms, see fig. 2.17 d)
will strive to widen, the corresponding strain in graphene being en-
ergetically counterbalanced by a gain of interaction energy with the
substrate.
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2.1 Lattice Structure

a b c
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BA AB AA

N B Cd
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AA

Figure 2.17 a: Two superimposed hexagonal lattices signifying
hBN (yellow for boron, red for nitrogen) and graphene (gray). The
mismatch in lattice constant (exaggerated for clarity) leads to a
Moiré pattern. b: From ref.[61]: STM-resolution of the super-
structure in graphene lying on top of an hBN substrate. c: Lattice
constants as measured in the color-coded areas indicated in b. d:
Magnified atomic constellations, extracted from the spots indicated
in a.

Apparently, in-plane distortions have to be considered for an accu-
rate picture of the atomic arrangement along a superlattice in layered
vdW-structures. Applied to TBG of large interlayer twist, this prin-
ciple does not much alter the sinusodial shapes attained from out-
of-plane relaxation only[25, 63]. At small angles θ . 2° and large su-
perlattice unit cells however, corrugation is predicted to concentrate
in localized bumps at compressed AA-like spots with maximized
areas of approximated AB-stacking in between[25]. Going further,
ref.[63] most recently found an alternative so-called ”bending-mode”
of local stacking optimization and strain release, featuring large
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2 Graphene and its Twisted Bilayer: Theoretical Background

in-phase corrugation of top and bottom layer into the same direc-
tion at smaller variations in local interlayer distance. Curiously, the
predicted structures would lower the effective lattice symmetry and
double the wavelength with respect to the original rigid interposi-
tion; according phenomena are expected at θ . 1.6°.

The above retrace of development in the theory of interlayer con-
figuration highlights the complexity of the problem: Especially at
small twist angles and long-wavelength superstructures, every pos-
sible degree of freedom seems to be relevant in the relaxation of
constituting carbon atoms. Furthermore, optimized structures may
even depend on the initial conditions used upon relaxation and co-
exist in metastable phases[63].

On a very basic note moreover, consideration of the substrate is of
utmost experimental relevance for TBG-structures. Especially with
respect to symmetry between top and bottom layer, the structure of
and interaction with the environment a TBG sample is placed in can
be expected to have significant impact on the detailed manifestation
of lattice relaxation.

Four commonly found scenarios are discussed in the following:

1. The sample may be suspended[2, 64, 65]. In TBG this has
e.g. been realized by transfer to a copper grid for subsequent
TEM-analysis[24]. In this scenario, corrugation is unimpeded
and may unfold symmetrically in top and bottom layer.

2. The sample may lie on an atomically flat substrate like hBN[59],
which will lead to a stabilization of the bottom layer in flat at-
tachment to the substrate through homogenous vdW-interaction
(provided that Moiré pattern interaction with hBN is min-
imized by rotational misalignment[60]). The major part of
registry-optimization will therefore be carried by the top layer
in this second scenario.
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2.1 Lattice Structure

3. The sample may be embedded in a vdW-
heterostructure[16, 66]. Providing an atomically flat substrate,
protection from environmental influence and serving as gate di-
electric, encapsulation of graphene in between layers of hBN
has become common experimental practice in the recent
past[67]. In this scenario, interaction with atomically flat top
and bottom dielectric and compression via next-nearest neigh-
bor interaction within the layered structure can intuitively be
expected to damp any out-of-plane corrugation. In fact, an
additional top layer of hBN was found to suppress the relaxed
commensurate state of graphene, discussed in fig. 2.17[61].

4. Finally, TBG on a substrate of SiO2 is the system under in-
vestigation for the present dissertation. As found in ref.[68],
graphene should in fact be viewed as partly suspended over
(rather than neatly conformed to) the roughness of the sub-
strate, which would allow for a certain degree of corrugation
in the bottom layer. Effectively, samples on SiO2 will there-
fore exhibit higher symmetry between layers than on hBN but
corrugate less freely than in the suspended case, placing them
in between scenarios 1.) and 2.).

Ref. [25] confirms the relevance of the above qualitative consider-
ations for TBG: Major differences in strain and corrugation profiles
of graphene are found between the case of either a rigid graphite
substrate or a symmetrically relaxed graphene layer as twisted coun-
terpart: Figure 2.18 shows calculated height profiles for both cases
at a rotational mismatch angle of θ = 1.2°. Where at a rigid bottom
layer, the corrugation profile appears approximately sinusodial with
elevation in areas of AA-stacking, a much more intricate pattern
with sixfold ridges around AA-spots arises between two symmetri-
cally contorted lattices, which is also confirmed in ref.[63].

53



2 Graphene and its Twisted Bilayer: Theoretical Background

3.5 Å

3.4 Å

100 Å 100 Å

3.5 Å
3.4 Å

3.5 Å
3.4 Å

0.1 Å

-0.1 Å
0 Å

a b

graphene
on 
graphite

graphene 
on graphene

Figure 2.18 a: From ref.[25]: Calculation of lattice distortion in
a layer of graphene lying on top of a graphite substrate under ro-
tational mismatch angle of θ=1.2°. The color plot in top shows
interlayer distance over the xy-plane, the graph to the bottom a
cross-section through the above map along the there indicated line.
b: Calculated lattice distortion for two graphene layers twisted by
θ=1.2° and unperturbed by any substrate. The map in top shows
the distance between top layer and the plane, a flat bottom layer
would assume; the upper one of the graphs to the bottom shows
an according cross-section. The lower graph depicts corrugation in
the bottom layer. Dashed light-green lines indicate the same for
graphene on a graphite substrate for comparison.

In many cases, the above listed practical distinctions are not (con-
sciously) considered in theoretical work. For example, ref.[53] per-
forms TBG band structure calculations for symmetrical out-of-plane
relaxation, emulating the first scenario. In contrast, the tight-binding
approach employed in ref.[69] is technically restricted to in-plane
shear and strain only, which most resembles the scenario of an en-
capsulated device.
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2.1 Lattice Structure

In such cases, it is up to the experimentalist, to find the model in
best approximation of a given experimental condition.

The above considerations will frequently appear in review of the
TBG band structure: relation between different interlayer coupling
terms can be expected to vary in response to lattice corrugation (see
sec.2.2.2) and has been shown to sensitively affect merging of disper-
sions[10]. Related phenomena in magnetotransport measurements
are discussed in sec. 5.2.

Furthermore, the discussed sample environment may play a crucial
role in the effect of the superlattice mini-Brillouin zone boundaries on
electronic dispersion as discussed in sec. 2.2.3. According consider-
ations are central in the understanding of transport signatures pre-
sented in sec. 5.1.
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2.2 Electronic Dispersion

Where the mechanical properties of graphene are mostly dictated
by the in-plane σ-bonds between sp2-orbitals, the pz -orbital forms
π-bonds to three nearest neighbor atoms in the graphene lattice,
thereby increasing the bond order to 11

3 for every carbon-carbon
bond[70]. The energy of the system is further lowered by delocaliza-
tion of the corresponding states and formation of π-bands; it is these
bands that give rise to the rich and unprecedented physics observed
in electronic transport and optical spectroscopy on graphene.

The following section provides an introduction to the electronic
dispersions of monolayer, AB-bilayer and twisted bilayer graphene:

In sec.2.2.1, the results of a tight-binding approximation for MLG
are discussed with focus on the linear low-energy dispersion around
K and K´-symmetry points; the emergence of a topological Berry
phase of β = π is noted and discussed in terms of the two sublattices.

Furthermore, the electronic dispersion of an AB-bilayer is briefly
presented, focusing on differences to MLG.

Predictions and experimental findings on the low-energy band
structure in TBG are reviewed in sec. 2.2.2. Principals and conse-
quences of a well-established interlayer coupling model, involving a
low-energy vHs as well as reduction of Fermi velocity, are discussed.

Finally, sec. 2.2.3 touches on electronic phenomena directly linked
to interlayer superlattices: The according mini-Brillouin zone (mBz)
is introduced; as associated backfolding occurs at an angle-dependent
larger k, this subsection mainly treats corresponding higher-energy
TBG phenomena, thereby complementing sec. 2.2.2.

56



2.2 Electronic Dispersion

2.2.1 Monolayer and AB-bilayer
To establish a frame of reference for graphene´s electronic dispersion,
the first Brillouin zone is constructed from the real-space unit cell
introduced in sec. 2.1.1:

Reciprocal unit vectors are

â1 = 2π
aG

(
1

1/
√

3

)
â2 = 2π

aG

(
–1

1/
√

3

)
.

(2.11)

Figure 2.19 shows a schematic of the hexagonal structure. In
analogy to the two sublattices in real space, there are are two
nonequivalent symmetry spots in the corners of the Brillouin zone,
which are denoted as K and K´ (blue and red respectively).

a1
a2

x

y

a1
^

a2
^

Κ
Κ´

Γ
Μ

kx

ky

Figure 2.19 First Brillouin zone of graphene; the inset to the top
left shows the real-space unit cell for reference. Three K - and K´-
symmetry points each are marked by blue and red dots respectively;
Γ- and M -points are indicated in gray.
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2 Graphene and its Twisted Bilayer: Theoretical Background

The electronic dispersion of the π-band in graphene´s honeycomb
structure was derived as early as 1947 by Wallace[71], using a tight-
binding approach. Here, the wave function is a linear combination
of equivalent Bloch functions for sublattices A and B. In nearest-
neighbor approximation (every A atom has three B neighbors and
vice versa), the energetic dispersion derives as[72]

E(k) = ±γ0

(
1 + 4 cos

√
3aGkx

2 cos aGky
2 + 4 cos2 aGky

2

)1/2

(2.12)
with γ0 ≈ 3 eV as nearest-neighbor hopping term and kx,y as
Cartesian components of the momentum-space vector k.

Equation 2.12 is plotted in fig. 2.20. Panel a shows a 3D illustra-
tion of the energetic dispersion, where a symmetric structure around
zero energy (according to the plus/minus sign in eq. 2.12) as well as
touching of bands at the K - and K´-points of the Brillouin zone
(gray hexagon) becomes evident. In undoped graphene, this is also
the level of Fermi energy EF.

Panel b shows the positive halve of the bandstructure in terms
of equi-energy contours. The dispersion appears radial-symmetric
around the Γ-point at k = (0, 0). Vicinity of the K/K´-points
approximates C3-symmetry at high energies; radial symmetry is
assumed for E . 0.5 eV, as evident from the close-up in the inset to
the top right.

As the low-energy part of a dispersion is of special interest for
electronic transport, special focus is taken on the corners of the
Brillouin zone: Taylor expansion in small q = k – K around the
K/K´-points yields a good approximation of eq. 2.12 in

E(q) = ±
√

3
2 γ0aGq = ±vFh̄q (2.13)

with q = |q| and a constant Fermi velocity of vF ≈ 1× 106 m s–1.
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Figure 2.20 a: Energetic dispersion from eq. 2.12; the Brillouin
zone from fig. 2.19 with according symmetry points is marked in
gray, π- and π∗-bands are indicated in yellow. b: Positive (red)
band from a, plotted in terms of equi-energy contours. The inset
to the right shows a close-up of the 5× 109 m–2 × 5× 109 m–2-area
around the K -point, indicated by the yellow square in the main
panel. Energy (scale to the right) spans 9 eV and 2.4 eV for main
panel and inset respectively.

The above findings bespeak one of graphene´s unusual electronic
properties: Low-energy carriers mimic a relativistic electron gas with
vF as ∼ 300 times smaller equivalent to the speed of light. Direct
practical consequences are a linearly increasing density of states

D(E) = 2E
vF2̄h2π

, (2.14)

where twofold spin and (due to inequivalent K - and K´-points)
twofold valley degeneracy are taken into account.
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2 Graphene and its Twisted Bilayer: Theoretical Background

The relation between Fermi energy EF and charge carrier density
n is correspondingly given by

n = EF
2

vF2̄h2π
. (2.15)

Notice the difference to the common two-dimensional electron
gas (2DEG), usually realized in GaAs-based heterostructures, where
classical quadratic dispersion and according energy-independent den-
sity of states as well as linear increase in carrier density are found.

Figure 2.21 depicts the Dirac cone (named after the hosted Dirac
fermions) which is commonly used in description of the linear ap-
proximation for graphene´s low-energy dispersion.

Κ

k q
Γ

Figure 2.21 Left: Brillouin zone of graphene; momentum k is ex-
pressed via the K -point and a vector q as indicated in red. Right:
Schematic of the isotropically linear low-energy dispersion around
the Brillouin-zone corners.

A second important peculiarity in graphene´s electronic structure
is rooted in its two-atomic base, which requires vectorial descrip-
tion of the electronic wave function. At the center of the associated
problem is the relation of quantum mechanical phase between sub-
lattices.
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2.2 Electronic Dispersion

Figure 2.22 shows two simple examples for the Γ- (upper panels)
and K -point (lower panels) respectively: At k = 0, the electronic
wave function is of the same phase for all atoms of a given sublat-
tice. Inter-sublattice configuration may now be either in bonding or
antibonding state, which corresponds to phase-shifts of zero and π
respectively. In the band structure, this manifests in formation of a
negative and positive branch respectively (blue, red in fig. 2.20).

a

bonding anti-bonding
b

0

π/3

2π/3

π

4π/3

5π/3

3aG/2

Γ

Κ
sublattice:

A

B

phase:

Figure 2.22 Color-coded phase of wave function in (real-space)
sublattices A (solid dots) and B (empty circles) for bonding (left)
and anti-bonding state (right). a: Γ-point b: K -point. Wavelength
corresponding to K is indicated by black scales.

At the K -point, momentum is given by

K = 4π
3aG

(2.16)

which corresponds to a wavelength of 3aG/2. According phase rela-
tions between atomic planes are indicated in fig. 2.22 b for bonding
and anti-bonding states respectively.
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Mathematical description of the above problem within the low-
energy Dirac cone around the K -point is given by

H(q) = h̄vFσq = h̄vF

(
0 qx – iqy

qx + iqy 0

)
, (2.17)

where i is the imaginary unit and σ is a vector of Pauli matrices
σx,σy[72].

Eigenvectors are found in

ψ(q) = 1√
2

exp (ikr)
(
± exp

(
–iθq/2

)
exp

(
iθq/2

) )
, (2.18)

where θq = arctan
(
qy/qx

)
. The two components of ψ(q) herein

describe the phase in two respective sublattices; the plus/minus-sign
in the upper entry decides between description of lower and upper
band respectively.

The described phase relation can be interpreted as a pseudospin
degree of freedom. It becomes evident that a 180° rotation of mo-
mentum q in a Dirac cone flips the pseudospin vector (switches the
phase difference by an amount of π).

bonding

anti-bonding

ΚΚ´

0

kx

E

Figure 2.23 Dirac cones of opposite valleys; carriers of opposite
pseudospin are marked via orientation of arrows.
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Interestingly, the relation between q and the pseudospin vector
is opposite between Dirac cones around K - and K´-points[72], as
illustrated in fig. 2.23. In consequence, a sign-reversal in momentum
at preserved pseudospin is only possible between opposite valleys;
backscattering within a single Dirac cone is forbidden, giving rise to
Klein tunneling in graphene[73].

Another interesting phenomenon becomes evident when setting
θq = 2π, which corresponds to a round-trip in momentum q: Where
the pseudospin returns to its original orientation, the phase within
each sublattice has changed by an amount of π, which defines the
Berry phase β in monolayer graphene. Direct consequences become
evident in the anomalous half-integer QHE[6, 7], as described in the
upcoming sec. 2.3.2 on magnetotransport.

Electronic Structure of the Bernal-stacked Bilayer

The Brillouin-zone of the Bernal-stacked bilayer is identical to the
one of monolayer graphene (see fig. 2.19). In fact, the electronic dis-
persion of the bilayer displays an equivalent valley structure too[74,
75].

The lowest band (for electron and hole side each) in the vicinity
of K - and K´-points is approximated by

E ≈ ±1
2γ1

(√
1 + 4v2̄h2q2

γ2
1

– 1
)

(2.19)

where γ1 ≈ 0.4 eV is the interlayer hopping term and v ≈ 8× 105 m s–1

[74].

63



2 Graphene and its Twisted Bilayer: Theoretical Background

At low q . 3.7× 108 m–1, eq. 2.19 is approximated by a quadratic
dispersion

E ≈ ± h̄2q2

2m∗ (2.20)

where m∗ = γ1/(2v2) ≈ 0.054 m0[74].

Figure 2.24 shows plots of equations 2.19 and 2.20, where the
latter is depicted in dashed lines. The hyperbolic nature of bands at
higher energies is examined e.g. in ref.[76], where a detailed view is
taken on the energy-dependence of m∗.

-0.2

0.0

0.2

-1.0 -0.5 0.0 0.5 1.0
q (109 m-1)

E
 (e

V
)

quadratic approximation

monolayer

bilayer

Figure 2.24 Lowest-energy band of the AB-stacked graphene bi-
layer. Dashed lines indicate small-energy quadratic approximation,
the monolayer dispersion is displayed in gray for camparison.

Interestingly, the AB-bilayer displays a Berry phase of 2π[74] cor-
responding to a winding number of two (i.e. two turns of 2π rotation
in the pseudospin, over the path of one closed circle in momentum
space)[75]. This gives rise to yet another anomalous QHE sequence
in a graphene system[77], as will be discussed in sec. 2.3.2.
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2.2 Electronic Dispersion

2.2.2 Twisted Bilayer: Low-Energy Dispersion
In the low-energy range, the electronic dispersion of the twisted
graphene bilayer is best understood via a perturbative model:

In the absence of interlayer coupling, rotational mismatch in real-
space directly translates to a twist between the individual monolayer
dispersions around a joint Γ-point at zero momentum. As marked
in fig. 2.25, rotation displaces the individual layers´ Dirac cones by
an amount of

∆K = 2 sin (θ/2)K , (2.21)

where θ is the interlayer twist angle and K the magnitude of mo-
mentum in the Brillouin-zone corners (see eq. 2.16).

layer 2 layer 1

θ

∆Κ

Κ

Figure 2.25 Brillouin-zones and a representative Dirac cone in one
corner each, for two twisted MLG dispersions. Rotational mismatch
θ around the joint Γ-point is indicated in red; individual Dirac cones
are displaced by an amount of ∆K via the lever of magnitude K
(indicated in gray).
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At sufficiently small angles, where interlayer registry smoothly
evolves between AA- and AB-stacking (see fig. 2.13), continuum
models[8, 10, 41] find merging between Dirac cones in van Hove sin-
gularities, midway between the rotationally offset K -points.
Energetic position of the vHs is given by the crossing of uncou-
pled MLG dispersions and the interlayer hopping energy tθ, as illus-
trated in fig.2.26. The coupling process can herein be understood as
avoided crossing between individual dispersions, leading to splitting
and re-merging of bands[41].

layer 2 layer 1
∆Κ

tθ
vHs

Figure 2.26 Rotationally displaced Dirac cones of the two layers;
crossing of bands (dashed lines) is avoided by splitting and re-
merging. Energy tθ between anticrossing and the vHs is indicated
in red.

At low energy, between vHs, the TBG therefore has a layer-
degenerate spectrum, contributing another factor of two to the four-
fold degeneracy of MLG. Interestingly, an electric field between lay-
ers is found to merely offset the two layers Dirac cones in energy,
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2.2 Electronic Dispersion

while the principal picture of the coupled dispersion remains the
same[8]. It is therefore possible to detune layer degeneracy; access
to the phenomenon via asymmetric gating is discussed in sec. 2.3.1.

The above picture is well established in the intermediate angu-
lar range between ∼ 3° and ∼ 15°; vHs have been confirmed as
peak in the density of states as measured via Scanning Tunneling
Spectroscopy (STS)[9, 44, 56, 78, 79]. The parameter of hopping en-
ergy is herein most commonly found at tθ ∼ 0.1 eV, although a wide
span from 0 eV to 0.13 eV has recently been observed in a broader
study[44].

In direct consequence of the energetically lowered meeting point
between the two layers´ dispersions, the Fermi velocity vF is renor-
malized. Ref.[8] predicts

ṽF = vF

1 – 9
(

tθ

h̄vF∆K

)2
 , (2.22)

via the continuum model. The expression is plotted in fig. 2.27;
similar evolution is found in tight-binding approaches[52, 53].
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Figure 2.27 Reduction in Fermi velocity with respect to the native
value, as expressed in eq. 2.22 with vF=1× 106 m s–1, tθ=0.1 eV.
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Again, there is abundant experimental proof for the angular range
between ∼ 3° and ∼ 15°: clear reduction in carrier velocities is
found via different techniques, e.g. STS[56, 78] and transport exper-
iments[45, 80], confirming the applicability of the above model in
TBG from different sources (see sec. 4.1).

At the smallest rotational mismatch though, eq. 2.22 has obvious
limitations: the predicted ṽF crosses zero at θ ∼ 1.5°. Fig. 2.28 illus-
trates the inevitability of this happening in a simple model; panel b
suggests approximation of ṽF via the slope of straight lines (dashed
black) connecting the Dirac points at zero energy with the vHs, the
latter lying tθ below the crossing of uncoupled bands (solid black).

a b

0.5

0.0
9630

v F 
/ v

F 

~

E
vH

s (
eV

)

E
 (e

V
)

1.0

-0.2

0.2

(°)
-0.5 0.5
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Figure 2.28 a: Reduction factor in Fermi velocity according to
eq.2.22 (solid gray line) and from geometrical approximation (dashed
black line, see main text). Red line indicates energy EvHs be-
tween zero and the van Hove energy as marked in b; parameters
are vF=1× 106 m s–1 and tθ=0.1 eV. b: Schematic of the TBG dis-
persion at 2°; momentum axis is normalized by magnitude of rota-
tional displacement ∆K . Dashed lines indicate straight connections
between Dirac points and the vHs position; the slope of lines is plot-
ted angle-dependently in a.
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2.2 Electronic Dispersion

The according approximation is depicted as dashed line in eq. 2.22 a
and shows a similar evolution to eq. 2.22. Importantly, the accord-
ingly estimated band velocity will cross zero at EvHs (red, panels a
and b).

As a negative Fermi velocity does not make sense in the here
considered frame, the behavior of TBG dispersion at the smallest
interlayer twist needs alternative description.

Ref.[81] finds oscillating densities of state with multiple instances
of ṽF=0 as θ progresses below 1° (similar in ref.[47] via tight-binding
approach); punctual flattening of bands at so called magic angles
around 1.5° is also found under consideration of sinusodial lattice
corrugation[53] and has been hinted towards in an experimental STS
study[79].

In analogy to findings on lattice-relaxed graphene on hBN[31],
the opening of a bandgap constitutes another presumable scenario
for the low-energy dispersion of TBG with very small twist angles,
where lattice corrugation and distortion reach their maximum (see
sec. 2.1.4).

Lastly, a major alternative to the above described, well estab-
lished model is pointed out: In conjunction with the geometrical
identification of opposite commensuration classes (see sec.2.1), Mele
finds according differences in the electronic spectra, where SE-odd
structures resemble the dispersion in AB-stacking, and SE-even
configuration leads to AA-bilayer-like electronic behavior[29]. The
distinction applies to TBG of large interlayer twist only, which are
not in the focus of here presented experimental studies (chap. 5).

For small angles however, and in a continuum approach similar
to the ones described above[8, 41], it is again Mele who points out
interesting (and possibly crucial) details in interlayer coupling[10]:
Within the Slonczewski-Weiss-McClure theory for graphite (reviewed
for example in ref.[82]), there are three important parameters ex-
pressing different hopping processes:
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As depicted in fig.2.29 a, γ1 stands for coupling between aligned sub-
lattices; γ3 expresses unaligned-unaligned hopping, where γ4 mea-
sures transfer between an unpartnered and an aligned atom in the
respective layers.

a b

layer 2 layer 1

∆Κ

second
generation

Figure 2.29 a: From ref.[10]: in the example of AB-stacking,
different hopping processes are indicated. b: Rotationally displaced
Dirac cones: at equal helicity, pseudospins (black arrows) of different
orientation meet at the intersection between dispersions. In analogy
to the original singularities, a second generation Dirac cone arises.

In the commonly applied model leading to vHs formation, γ3 and
γ4 are set to zero; as only one sublattice per layer is thus involved,
the pseudospin degree of freedom becomes irrelevant.

For γ1 ≈ γ3 and γ4 ≈ 0 Mele finds a so called compensated class,
effectively arising due to coupling between Dirac cones of opposite
helicity (like in K - and K´-points). Here too, a vHs and higher
subband arise, though details of the dispersion vary with respect to
the common model.
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2.2 Electronic Dispersion

In contrast, the uncompensated class is rooted in coupling be-
tween cones with the same sign of winding number. As depicted
in fig. 2.29 b, this leads to the formation of second generation Dirac
cones. The process may be understood in analogy to the situation
around original singularities, where branches of opposite pseudospin
are crossing and the absence of backscattering preempts the open-
ing of a gap[10, 83]. In the uncompensated scenario, Fermi velocity
remains unaffected; possible evidence has been found in refs.[84, 85]
and will be discussed for a here measured example in sec. 5.2.

In is obvious that, especially in dependence on the degree of lattice
relaxation, the relation between different hopping amplitudes will
vary greatly. As speculated in ref.[10], corrugation and related de-
lamination of AA-stacked regions will for example favor the compen-
sated class. With the whole spectrum of possible lattice contortion
discussed in sec. 2.1.4, there is consequently ample possibility for
either of the two pseudospin-sensitive classes. Consideration of the
TBG sample´s environment and corresponding degree of lattice re-
laxation (sec. 2.1.4) gains importance in the light of the reviewed
considerations.
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2.2.3 The Superlattice mini-Brillouin zone

The unit cell of a TBG superstructure in momentum space scales
reciprocally to the one in real space and is thus often termed as
mini-Brillouin zone (mBz). As suggested in fig.2.4 f, in the section on
Moiré theory, the reciprocal superlattice wavelength is constructed
as

G = 2â sin (θ/2), (2.23)

where â = 4π√
3aG

is the magnitude of reciprocal unit vectors â1,2
and θ the interlayer twist.

Comparison of ∆K from eq. 2.21 to G from eq. 2.23 reveals a
difference in factor

√
3, which mirrors the real-space relation between

bG and aG. The underlying picture is depicted in fig. 2.30 a, where
G is the span between rotated vectors â (dashed blue and yellow)
and ∆K the one between rotated K (black).

The differences between Moiré pattern and commensurate super-
lattice in real space (sec. 2.1.2 vs. sec. 2.1.3) are reflected in the
reciprocal, as shown in the comparison between fig. 2.30 a and b:
In the commensurate case at θ = 9.43°, the mBz around individual
double-corners of the original Brillouin zones (at outer red hexagons)
may be extrapolated to a single congruent one in the center of mo-
mentum space (i.e. around the Γ-point in fig. 2.30 b). Only ∼ 0.5° of
twist angle more however, and a severe mismatch between expanded
mBz-lattices becomes evident (fig. 2.30 a).

While commensuration is irrelevant in the above mentioned
effective continuum model for twist angles θ . 10°[48], generation of
mini-bands formally requires exact periodicity in the Bloch formu-
lation. At large interlayer twist, the exact rotational mismatch will
therefore be relevant to the TBG electronic dispersion;
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2.2 Electronic Dispersion

due to increasingly high density of commensurate states in smaller
angles however (fig. 2.7, fig. 2.9), the discussed rearrangements of
individual lattices (also increasingly pronounced in the small-angle
range, see sec. 2.1.4) will likely become the dominant factor in the
stringency of mBz-related backfolding phenomena.

a b

θ=10°

θ=9.43°Γ

Figure 2.30 Schematic of reciprocal space with Brillouin zones of
twisted layers (blue and yellow respectively). Red and gray hexagons
indicate the corresponding mBz. a: Incommensurate structure of
θ = 10°; relations of eq.2.21 and eq.2.23 are suggested by solid black
and dashed colored lines respectively. Expansion of mBz around
different pairs of rotationally displaced Dirac cones (red hexagons)
reveals a mismatch. b: Commensurate structure at θ = 9.43°; re-
ciprocal superlattice matches both original Brillouin zones.

Instances of rigorous backfolding into a vdW-interlayer mBz have
been impressively demonstrated for the case of graphene on hexago-
nal boron nitride (hBN)[86–88], which creates an instructive example
for possible outcomes in TBG.
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As introduced in sec.2.1.4 (fig.2.17), a superlattice arises between
graphene and hBN due to a mismatch of lattice constants, where
λhBN reaches its maximum around 14 nm at rotational alignment
between lattices[86].

Figure 2.31 a shows the according k-space scenario with a net of
superlattice mBz; a Dirac cone (red circle) arising at the center
of the zone (red dot) will cross six others (green circles) from the
neighboring mBz at midpoint (yellow dots) between the mini zone´s
K - and K´-points. In argumentation analog to the above description
of Mele´s uncompensated class (fig.2.29)[89], secondary Dirac points
arise at the crossing, as calculated in ref.[88] and depicted in fig.2.31.

a b

kx

ky

kx

ky

E

Figure 2.31 a: Reciprocal-space situation in graphene on hBN.
Multiple hexagonal mBz are depicted in black lines. The red dot
indicates the Dirac point at the K -point of the original MLG; the
green dots signify copies evoked by the long-range periodic super-
lattice potential; the yellow dots indicate second generation Dirac
points at the crossing between Dirac cones in first and further mBz.
b: From ref.[88]: band structure in the mBz, calculated for the
scenario in a.
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The superlattice Dirac points arise at the border of the mBz with
all of the contained states occupied, which may be described via the
relation

n
√

3
2 λ2 = 4, (2.24)

where the factor to carrier concentration n is the area of the super-
lattice unit cell in real space and the number of four on the right-hand
side accounts for graphene´s fourfold degeneracy[86–88, 90].

Accordingly, copies of the Dirac point signature can be observed
at a few n ∼ 1× 1016 m–2 in electronic transport on closely aligned
graphene-hBN heterostructures; a change of effective carrier polarity
is observed about midway between singularities, as reflected in cor-
responding Hall measurements[86–88].

In TBG, the situation is complicated by the involvement of two
rotationally displaced Dirac cones. Three different scenarios are re-
viewed in the following:

Firstly, commensuration effects may be assumed negligible[19, 20,
91]. In this case the dispersion, merged in a vHs at midpoint between
the rotated layers´ Dirac points (fig. 2.26), continues as one beyond
the borders of the mBz.

Ref.[92] provided hints towards the experimental relevance of the
corresponding scenario; magnetotransport signatures found in
context of the present work[45] solidify the validity of the under-
lying model (see sec. 5.1).

In ref.[91] too, observations of Landau quantization (see sec.2.3.2)
across states beyond the borders of the mBz indicate absence of zone
folding.

Secondly, the major coupling scenario of the low-energy vHs
(sec. 2.2.2) is combined with the folding mechanism found for the
hBN-related phenomena (fig. 2.31):
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Figure 2.32 a shows the according k-space scenario: the two layers´
dispersions, originated at the positions marked by red dots, have
merged in a vHs at the Γ-point of the mBz (black star) and con-
tinue as one towards the border of the mini zone. Here, the same
backfolding process as in fig.2.31 occurs, as calculated in ref.[93] and
depicted in fig. 2.32 b.

a b

kx

ky

kx

ky

E

Figure 2.32 a: Reciprocal-space situation in TBG according to
ref.[93]: Multiple hexagonal mBz are depicted as black lines. The
red dots indicate Dirac points of twisted layers at the K - and rotated
Kθ-points, where the black star indicates the position of a vHs;
the blue dots signify Dirac-point copies in further mBz; the yellow
dots indicate second generation Dirac points at the crossing between
merged dispersions in first and further mBz. b: From ref.[93]: band
structure in the mBz, calculated for the scenario in a.

Thirdly, the model applied in ref.[50] likewise finds low energy
vHs but an alternative representation of the backfolding process: As
depicted in fig. 2.33 a, the rotationally displaced Dirac points are
positioned in the corners of the mBz in semblance to the K - and
K´-points of MLG; neighboring mini zones supply Dirac cones for
the remaining four corners to complete the analogy.
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2.2 Electronic Dispersion

Figure 2.33 b shows the calculated dispersion[50, 90]; above the vHs
(black stars in panel a) it features a charge inversion and transition to
a Berry phase of zero in a hole-like pocket originated in the Γ-point,
where a gap opens to the next-highest subband.

a b

kx

ky

kx

ky

E

Figure 2.33 a: Reciprocal-space situation in TBG according to
refs.[50, 90]: Multiple hexagonal mBz are depicted as gray lines.
The red dots indicate Dirac points of twisted layers at the rotated
K̄ - and K̄´-points; the green dots signify copies from further mBz;
black stars indicate the position of vHs; the yellow dot indicates the
highest-energy point and upper end of the mini-band at the Γ-point.
b: From ref.[90]: band structure in the mBz, calculated for the
scenario in a.

The second and third of the three above presented alternatives
are similar (in principle, only the frame of reference is shifted),
differ however in the number of newly created band origins and the
expected topology.

Experimental evidence for the latter scenario was found in ref.[90];
possible origin for the applicability of one or the other high-energy
coupling model may be found in the particular degree of lattice
corrugation in the measured sample as discussed in the beginning
of this section and introduced in sec. 2.1.4.
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2.3 Magnetotransport

A powerful tool to probe the electronic properties of a material sys-
tem lies in magnetotransport measurements. The behavior of charge
carriers at different Fermi energy as well as particular sequences of
quantization in magnetic field hold information about the electronic
dispersion and topology of a probed material.

Transport in the absence of magnetic field alone already gives
access to a variety of sample parameters. As discussed in the first
section 2.3.1, carrier mobility and doping concentration may be ex-
tracted from field effect resistance under variation of a gate voltage.

Individual TBG layers´ Dirac cones are decoupled at low energy as
introduced in sec. 2.2.2. Here, asymmetric gating creates an electric
field and energetic offset between layers, as quantitatively described
by a screening model introduced in the second part of sec. 2.3.1.

A perpendicular magnetic field quantizes in-plane electronic
momentum and energy. The topological winding number pours into
quantization criteria and leads to distinct Landau level sequences in
MLG, Bernal-stacked bilayer graphene, and different coupled
varieties of TBG as discussed in sec. 2.3.2.

Landau quantization as introduced in sec.2.3.2 manifests in a mod-
ulated density of states in the presence of disorder, where Shubnikov-
de Haas oscillations are witnessed in longitudinal resistance. Quanti-
tative description of these is provided in sec.2.3.3; informative value
with respect to parameters of the underlying electronic dispersion is
discussed.
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2.3 Magnetotransport

2.3.1 The Electric Field Effect
Due to the atomic thickness of graphene, charge induced via a capa-
citive gate is delocalized over the whole conducting sample; the car-
rier density is continuously tuneable between the regimes of electron
and hole conduction due to the gapless dispersion. This manifests in
the observation of an ambipolar field effect with Drude conductivity

σ = µen (2.25)

where µ is charge carrier mobility, e is the elementary charge and n
is charge carrier concentration. The latter is proportionally related
to a gate voltage UBG (global backgate in this work) via capacitance
C which leads to proportional dependency of σ in UBG as illustrated
by gray lines in fig.2.34. Four major factors however commonly give
rise to alterations from this simple picture:

• A doping charge constitutes a constant offset in the gate-
induced carrier density. The charge neutrality point (CNP)
shifts to positive UCNP for p-doping (as depicted in fig.2.34)and
negative UCNP for n-doping.

• Substrate influence as well as intrinsic corrugation induce po-
tential disorder in a graphene sheet, giving rise to so called
electron-hole puddles, i.e. local variation of n over as much as
1× 1015 m–2[94]. From this follows a finite minimal conduc-
tivity in the range of 1 e2/h to 10 e2/h[95], as depicted to the
bottom of fig. 2.34.

• Electron-hole asymmetry in µ will proportionally lead to dif-
ferent slopes in σ as evident from eq. 2.25.

• Finally, short-range scattering has been shown to manifest in
sublinear evolution of conductivity over carrier density[96]; a
phenomenon which may also arise in consequence to contact
resistance.
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A recorded field effect curve thus allows for the extraction of basic
electronic parameters like carrier mobilities µe,h and doping charge
as well as inference of potential disorder and scattering mechanisms.

σ 
(e

2 /h
)

UBG (V)

30

0
100500-50

holes

electrons

CNP
60

Figure 2.34 Conductivity vs. backgate voltage. Dashed gray
line is eq. 2.25 with µ=2500 m2V–1s–1 and a capacitive coupling of
C∗=6.53× 1014 V–1m–2. The CNP (vertical yellow line) is shifted
due to a doping charge of 3× 1016 m–2; finite minimal conduc-
tivity due to potential disorder rounds off conductivity at some
e2/h (shaded yellow area). Asymmetric µe=3000 m2V–1s–1 and
µh=2000 m2V–1s–1 lead to different slopes in regimes of electron
and hole conduction; sublinear evolution at larger absolute n may
arise due to short-range scatterers as well as contact resistance.

In TBG however, gate-induced carrier density distributes over two
potentially decoupled layers. A quantitative discussion of the in-
volved screening-mechanism in dependence on sample parameters
like interlayer distance and twist angle is provided in the following.
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2.3 Magnetotransport

Screening

The energetic offset ∆E between Dirac points in top and bottom
layer is generally described via the following equation:

∆E = ∆he2

ε0
(nt – δn)

= vFh̄
√
π
(

sgn (nb)
√
|nb| – sgn (nt)

√
|nt|
) (2.26)

The upper part accounts for the fact, that every electron induced
in the top layer via the backgate contributes to an electric field
between layers. Interlayer capacitance is derived in the model of a
parallel plate capacitor with distance ∆h and the interlayer dielectric
constant ε0 of vacuum. The carrier concentration δn accounts for
contributions to nt which are not backgate-induced but due to an
offset in Fermi energy EF e.g. through doping.

The lower part of eq. 2.26 expresses the difference between EF as
measured from the Dirac points of bottom and top layer respectively
(see eq. 2.15), which is a measure for ∆E under the assumption of a
joint Fermi level between layers (e.g. due to joint electrical contacts).

Figure 2.35 depicts the above scenario, where the vertical signi-
fies energy and the horizontal real-space extension (as well as recip-
rocal space in case of the depicted electronic dispersions). Oppo-
site amounts of charge are induced in backgate and TBG; contribu-
tions in the top layer have a sign-reversed counterpart in the sum of
charge induced in bottom layer and backgate, which constitutes a
parallel-plate-capacitor situation with effective plate separation ∆h
and charge nt – δn between TBG layers. Note that in the interpre-
tation of δn as doping charge in the top layer, an equal amount of
doping follows for the bottom layer as evident from energetic equal-
ity ∆E = 0 between layers at nt=δn (i.e. at zero backgate-induced
charge); alternative interpretations correspond to layer-asymmetric
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doping charge. In practice, fitting of the above model to TBG-data
requires further offset in relation to the gate voltage UBG; a final
interpretation of δn and its relation to overall doping ∆n can then
be read of carrier concentrations at UBG = 0 as described in point
4.) on p. 83.

backgate

∆EeUBG

EF
δn
BG-induced

∆h

Figure 2.35 Schematic of gated TBG: a voltage UBG between back-
gate (gray bar, bottom left) and TBG separates holes (blue dots) and
electrons (red dots); part of the latter are induced in the top layer
(yellow) and lead to energetic raise ∆E with respect to the bottom
layer (blue) due to an electric field integrated over interlayer distance
∆h. Gray dot in top layer indicates doping charge δn; in the specific
formulation of eq. 2.26, this requires the same doping in the bottom
layer.

Equation 2.26 describes screening in TBG of symmetrical Fermi
velocity as applied in[15, 97]. Increased flexibility and implicit ac-
count for interlayer twist is achieved in a here applied extension of
the model which calculates the electronic situation in a TBG sample
in dependence on eight basic system parameters as described in the
following four steps:
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1.) Carrier concentration in the top layer is calculated as

nt = ε0∆E/(e2∆h) + δn

in dependence on the variable of ∆E . TBG system parameters are
∆h and δn.

2.) Reduced Fermi velocities in the top and bottom layer are calcu-
lated from eq. 2.22 as

ṽF
t=vF

t

1 – 9
(

tθ
e,h

h̄vFt∆K

)2 ṽF
b=vF

b

1 – 9
(

tθ
e,h

h̄vFb∆K

)2 .

TBG system parameters are the native Fermi velocities vF
t and vF

b

of top and bottom layer respectively; interlayer hopping energies tθ
e

and tθ
h account for electron-hole asymmetry; ∆K implies interlayer

twist θ via eq. 2.21.

3.) As a preparatory step, the Fermi energy EF as measured from
the top layer´s Dirac point is calculated as

EF
t = ṽF

t̄h · sgn (nt)
√
π|nt|.

The bottom layer´s carrier concentration follows as

nb = sgn
(
EF

t + ∆E
) (EF

t + ∆E
)2(

ṽFb̄h
)2
π

.

4.) Carrier concentrations are related back to the gate voltage via

nb + nt – 2δn = C∗ (UBG – U∆)

where TBG parameter U∆ accounts for deviations from symmetric
doping. The capacitance per unit area and elementary charge is set
to C∗=6.53× 1014 V–1m–2 for the calculations in fig. 2.36.
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Figure 2.36 Carrier densities in bottom and top layer (stronger
curving and lower n in the latter) as calculated via the extended
screening model. TBG paramters for black curves are ∆h = 5 Å,
δn = 0, vF

t,b = 1× 106 m s–1, tθ
e,h = 0.1 eV, θ = 2.5° and U∆ = 0.

a: Varied parameter ∆h: larger interlayer distance leads to more
effective screening of the top layer from backgate influence. b: Var-
ied parameter θ: smaller interlayer twist leads to further reduction
in Fermi velocity and corresponding rise in density of states which
enables more effective screening. c: Varied parameter vF

t,b: argu-
mentation via the densities of state applies similar to b. d: Varied
parameter δn: top and bottom layer do not share the same CNP
any more but are equally doped as evident from nb=nt at UBG=0.
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Figure 2.36 shows accordingly modeled distributions of carrier
density for top and bottom layer in response to variation in five
key parameters:

As intuitively expected, less charge is induced in the top layer for
larger interlayer separation ∆h as illustrated in panel a.

As evident from panel b, interlayer twist has significant influence
on charge distribution in the backgated TBG: Due to the correspond-
ing reduction in Fermi velocity ṽF, layers in small-angle systems have
larger densities of state which allows for more effective screening of
charge. A similar effect is observed for increasing hopping energies
tθ
e,h.

Panel c shows the effects of asymmetric native Fermi velocities
vF

t,b between top and bottom layer as indicated by corresponding
arrows and legend: Lower velocity and corresponding higher density
of state in the bottom layer layer allows for more effective screening
of backgate influence in the top layer.

Finally, panel d depicts the effect of backgate voltage on a disper-
sion with energetic offset. Charge neutrality is split between layers;
the carrier density evolution is highly asymmetric in gate voltage.
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2.3.2 Landau Quantization
In a magnetic field perpendicular to a two-dimensional electronic
system, the energetic spectrum of carriers becomes discrete. Rooted
in the acquisition of phase on a path enclosing a magnetic flux, this
may be understood in a semiclassical description: Ref.[98] states the
condition

πk2 = 2πeB
(

N + 1
2 – w

2

)
/̄h, (2.27)

where k is the radius of a circular cyclotron orbit in reciprocal space
and N an integer. The mismatch of 1

2 expresses the usual offset from
the quantum mechanic harmonic oscillator; the winding number w
accounts for the additional acquisition of topological phase upon
full-circle rotation (e.g. w = 1 for MLG, eq. 2.18).

Equation 2.27 yields the so called Landau level (LL) spectrum
in energy for a given electronic system via the according dispersion
relation. For a non-relativistic 2DEG, the spectrum is

EN = h̄ωc (N + 1/2) (2.28)

with cyclotron frequency ωc = eB
m∗ .

In contrast, a graphene monolayer exhibits

EN = ±vF
√

2ēhBN, (2.29)

where the square-root dependence is linked to the linear dispersion
and the unusual zero-energy mode arises in consequence of the topo-
logical Berry phase[6, 7].

Ref.[74] finds the AB-bilayer spectrum as

EN = ±̄hωc
√

N (N – 1); (2.30)

the according double zero-energy mode constitutes a major variation
with respect to the similar 2DEG spectrum[77].
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Figure 2.37 LL in 2DEG (left, m∗=0.5 m0), Bernal bilayer (middle,
m∗=0.054 m0), and MLG (right, vF=1× 106 m s–1). Upper panels
show density of states at B=10 T (disorder-broadened). Middle
panels mark dependence of LL on energy and perpendicular mag-
netic field. Lower panels show LL in dependence on charge carrier
density, where degeneracy is two in the 2DEG and four in graphene.
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Figure 2.37 shows the relations from eq.2.28 (left panels), eq. 2.30
(middle panels), and eq. 2.29 (right panels) with the parameters
stated in the figure caption.

The spreading shape of LL in energy and magnetic field is often re-
ferred to as Landau fan. Where square-root dependence from eq.2.29
leads to curved slopes in the energy diagram for MLG (fig. 2.37 f),
Landau fans are generally straight in charge carrier concentration n
(fig. 2.37 i) as described in the following:
A single LL holds

2πeB/̄h
4π2 = B

Φ0
, (2.31)

where the numerator expresses the k-space volume of a circular ring
between N and N+1 according to eq. 2.27; the denominator stems
from the volume of a single state in reciprocal space and Φ0=h/e is
the magnetic flux quantum. From this, one can define a filling factor

ν = n
B/Φ0

(2.32)

which linearly relates carrier concentration n and magnetic field B
via the flux quantum.

As marked in fig. 2.37 g-i, the filling of Landau levels is further
dependent on the degeneracy g of a given electronic system: The
carrier concentration corresponding to a LL with index N is herein
given by

n = 4N · B/Φ0 (2.33a)
n = 0 and n = 2 + 4N± · B/Φ0 (2.33b)

for MLG (eq.2.33a) and AB-bilayer (eq.2.33b) respectively, where
N± is a nonzero integer. The offset of two in the Bernal-stacked
case is due to the double zero-energy mode (fig.2.37 b) which houses
4× B

Φ0
states in electron and hole branch of the dispersion each.
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In the low-energy range below the vHs (sec.2.2.2), the above prin-
cipals may be directly transferred to TBG:

In the layer-symmetric case, degeneracy is elevated to g = 8; LLs
are found at filling factors ν=8N, as illustrated in fig. 2.38 a.

In an asymmetrically gated sample, screening of charge lifts layer
degeneracy as described in sec. 2.3.1. Evolution of LLs in B is given
by eq.2.33a for bottom and top layer each; an example of correspond-
ing Landau fans is depicted in fig. 2.38 b for the screening scenario
presented in fig. 2.36 d (red curves).
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Figure 2.38 a: LL evolution in TBG below the vHs in depen-
dence on magnetic field and a layer-symmetric gate voltage USym;
capacitive coupling is C∗ = 6.53× 1014 V–1m–2. Filling factors at
respective LLs are indicated in gray. b: LLs in TBG below the vHs;
here, an asymmetric backgate voltage UBG (same coupling as in a)
has greater influence on the bottom layer (blue) than the screened
top layer (yellow). Filling factors are indicated in corresponding
color code. Screening parameters are found in fig. 2.36 d.
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At higher energy, when Fermi energy crosses the vHs and the
different coupling scenarios from sec. 2.2.3 come into play, spectra
become more complicated:
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Figure 2.39 a: LL spectrum of TBG across the vHs (dashed black
line) in neglect of backfolding: At low carrier concentration, an
eightfold degenerate sequence of LL (red dashed) is expected in
the layer-symmetric scenario. High-energy carriers are quantized in
the Bernal-bilayer sequence of filling factors at fourfold degeneracy
(solid red). The inset shows a cyclotron orbit in the merged dis-
persion above the vHs in relation to the mBz; winding numbers are
indicated in gray and red for low and high energy cyclotron orbits
respectively. b: Analog to a but in the rigorous backfolding scheme,
cyclotron orbits in the six corners of the mBz merge and change
sign of rotation (inset, bold blue). Corresponding LLs originate in
carrier concentrations corresponding to a filled mBz, sequence is
fourfold degenerate and without zero-energy mode in the scenario
from fig. 2.33.
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The inset of fig.2.39 a shows semiclassical cyclotron orbit trajecto-
ries in reciprocal space in relation to the mBz. If backfolding effects
are neglected, the two rotationally displaced Dirac cones merge in
the vHs and continue as a single dispersion. Accordingly, the to-
pography of the Fermi surface changes; cyclotron orbit now enclose
two Dirac points (bold red), which doubles the winding number[98,
99] and manifests in an AB-bilayer-like sequence of filling factors
(eq. 2.33b) as illustrated in the main panel[19, 20].

The inset of fig. 2.39 b shows cyclotron orbits in the scenario from
fig. 2.33[50, 90]. Here, bands are folded back into the mBz and
cyclotron orbits around the six corners merge into one around the
Γ-point. As the enclosed band is now hole-like, the original Landau
fan (dashed red) stops at the vHs (dashed black) and meets a sec-
ondary one (blue), which originates from where all states in the mBz
are occupied (see eq. 2.24).

The spectrum becomes even more complex, when the magnetic
flux through the superlattice unit cell becomes comparable to Φ0.
Here, rich fractal spectra were predicted which are often referred to
as Hofstadter´s butterfly in appreciation of their theoretical
creator[100].

As the flux through a hexagonal unit cell B
√

3/2λ2 ∼ Φ0
at λ ∼ 15 nm for an experimentally accessible magnetic field of 20 T,
supercells in aligned graphene-hBN heterostructures proved large
enough to witness traces of the self-similar fractal pattern in
magnetotransport experiments[86, 87, 99].

Similar sizes of the superlattice unit cell are reached in TBG at
an interlayer twist of θ . 1°. The rich spectra to be beheld, are
formulated in refs.[46, 50, 101].
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2.3.3 Shubnikov-de Haas Oscillations
In principal, longitudinal resistance as well as conductivity vanish
between LL due to the absence of free states and and a current car-
ried by edge channels[102]. In perpendicular resistance, the Quan-
tum Hall effect (QHE) is witnessed in discrete plateaus of

Rxy = e2

hν (2.34)

with e2

h the von Klitzing constant and ν indicating the integer num-
ber of filled LL below Fermi energy.

At intermediate magnetic fields, limited sample quality or elevated
measuring temperatures, the density of states is no longer discretized
but modulated by Landau quantization. Here, so called Shubnikov-
de Haas (SdH) oscillations are witnessed in the longitudinal resis-
tance.

Description in magnetic field is given by[7, 76]

∆R = Renv(B, T ) cos
(

2π
∆B–1 B–1 + π + β

)
, (2.35)

where β is the Berry phase.
In direct correspondence to the relations in eq. 2.33, ∆B–1 (gray

bar, fig. 2.40) is related to the charge carrier concentration via

n = eg
h∆B–1 . (2.36)

Renv(B, T ) is an envelope to the sinusodial oscillations and pro-
portional to the product of two factors: the magnetic-field-dependent
Dingle factor

RD(B) = exp
(

–πωc
–1τ–1

q
)

(2.37)
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2.3 Magnetotransport

with quantum scattering time τq, as well as an expression for
temperature-dependent damping[6, 7, 76]

RT(B, T ) = 2π2kBT/(̄hωc)
sinh (2π2kBT/ (̄hωc)) , (2.38)

where kB is the Boltzmann constant. Note that the effective mass
in the parameter ωc is energy-dependent in MLG and relates to the
Fermi velocity as

vF =
√

h̄2nπ
m∗2

. (2.39)

0.50.40.30.20.10.0
B-1 (T-1)

R
 (a
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.)
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50 K
∆B-1

0

Figure 2.40 SdH-oscillations in monolayer graphene according to
eq. 2.35 with the typical parameters of m∗=0.025 m0 and τq = 50 fs
for three different temperatures according to the legend.

The above relations enable the extraction of a wide range of sample
parameters: The Berry phase is readily derived from the offset in
inverse magnetic field; equation 2.36 gives access to the charge car-
rier concentration n involved in a given oscillation. Temperature-
dependent fits of eq. 2.38 furthermore yield effective mass m∗ (and
corresponding Fermi velocities vF), where quantum scattering times
τq are extracted from magnetic-field dependence via eq. 2.37.

93



2 Graphene and its Twisted Bilayer: Theoretical Background

2.4 Summary
The above chapter laid important foundations for the experimental
findings presented in the following.

Starting with monolayer graphene and following this thread
through the three sections of this chapter, the two-sublattice struc-
ture of graphene is introduced in sec. 2.1.1. The direct electronic
consequence, namely a pseudospin degree of freedom and acquisition
of a Berry phase of β=π over a closed circle in momentum space, is
discussed in sec. 2.2.1. Within Landau quantization of MLG-states,
the introduced phase gives rise to a zero-energy mode as presented
in sec. 2.3.2.

Bernal- or AB-stacking configuration is introduced; the merged
dispersion is presented to possess β=2π topology and a double zero-
energy mode.

In sec. 2.1, TBG real-space structure is reviewed in detail;
distinction between continuous Moiré superstructures (sec.2.1.2) and
rigorously periodic superlattices (sec. 2.1.3) is pointed out. Criteria
for commensurability are derived; high density of accordingly peri-
odic structures is found in low twist angles while exclusive commen-
surate spots exist at large rotational mismatch above ∼ 20°

Applicability of a continuum model for electronic coupling in both
cases is presented in sec. 2.2.2 for the low-energy dispersion of TBG.
Here, the two layers´ dispersions are effectively decoupled before
they merge in low-energy van Hove singularities. Detuning of in-
dividual Dirac cones via an electric field arising upon asymmetric
gating (e.g. via a backgate) is described and modeled in sec. 2.3.1.
Accordingly offset and superposed evolution of Landau levels in the
two layers is suggested in sec. 2.3.2.

In a less explored interlayer coupling alternative, merging occurs
in second generation Dirac singularities.
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2.4 Summary

At high energies, different scenarios are reviewed (sec.2.2.3). Back-
folding into the superlattice mini-Brillouin zone is introduced in the
example of graphene on hBN and extended to TBG. Corresponding
topology of cyclotron orbits in magnetic field is reviewed towards
the end of sec. 2.3.2.

Finally, lattice relaxation, manifesting in corrugation of layers
with maximized interlayer distance in AA-stacked regions as well
as more complex in-plane distortions, is introduced in sec. 2.1.4.

As discussed in sec. 2.2.2, such contortions could severely alter
TBG electronic structure to the point of a changed effective helicity
in the coupling Dirac cones[10].

For high energy, free lattice conformation is discussed with respect
to its role in band-folding into the superlattice´s mini-Brillouin zone
(sec. 2.2.3).

The above review highlights the riches in graphene and TBG
physics; where theoretical understanding of interlayer interaction
grows more and more refined, there still are little discovered fun-
damentals. The seemingly simple system of two graphene sheets
stacked on top of each other holds geometrical (sec. 2.1.3) and elec-
tronic (sec. 2.2.2, sec. 2.2.3) intricacies which make the twisted
graphene bilayer a subject of ongoing scientific relevance[17, 30, 45,
49, 63, 90, 103].
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3 Experimental Techniques
and Apparatus

An intriguing quality of curriculum and work in the Department for
Nanostructures, facilitating this dissertation, is the depth of opera-
tions, ranging from sample preparation to data analysis and scien-
tific writing. On this path, a variety of techniques and apparatus are
needed at the different stages of experimental progress. The present
chapter provides an overview of the typical steps, from exfoliating
graphene to magnetotransport measurements in TBG.

Micromechanical cleavage of natural graphite as method of prepa-
ration for graphene is introduced in sec.3.1; the optical detectability
on a substrate of SiO2 is discussed.

A special focus of this chapter lies on the AFM which is treated
in terms of working principals and imaging artifacts specific to mea-
surements on TBG in sec. 3.3.

Processing of TBG samples in preparation for electrical measure-
ments is described in sec. 3.2; the subsequent steps of Scanning
Electron Microscope (SEM)-lithography, involving etching into suit-
able sample geometries and definition of electrical contacts are illus-
trated.

Finally, the cryogenic setup enabling measurements at tempera-
tures down to 1.5 K is introduced together with the basic modus
operandi for electrical measurements on graphene in sec. 3.4.
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3 Experimental Techniques and Apparatus

3.1 Graphene Flakes:
Preparation and Optical Detection
Graphene, if understood in the more general sense of graphitic fewlay-
ers in liquid suspension or in attachment to a substrate, has been
subject of experimental studies for over 50 years: In 1962, Boehm
et al. reported on thin carbon films achieved alternatively by chem-
ical reduction or rapid heating of graphite oxide[3]. Thin layers of
graphite were achieved by thermal decomposition on the surface of
SiC in 1975[104]. Later, CVD-growth on the surface of transition
metals enabled investigation of mono-atomic carbon overlayers[105].
Finally, Geim and Novoselov demonstrated the successful isolation
of graphene by mechanical cleavage of graphite via a strip of adhesive
tape in 2004[5].

The above techniques have since been refined, while additional,
more specialized approaches developed over the years[106]. Central
to the thesis at hand is first and foremost mechanical exfoliation,
which is the basis for the presented experimental work and will be
described in the following. Preparation of TBG via folding of ex-
foliated flakes is discussed in depth in chap. 4 together with a brief
review on alternative approaches, namely mechanical transfer as well
as growth from SiC and via CVD. The present section closes with
explanation and evalutation of the high optical contrast of graphene
on a substrate of SiO2, which is crucial to the handling of exfoliated
samples in further processing steps.

Mechanical exfoliation
The concept of micromechanical exfoliation makes use of the lami-
nar structure in certain materials like graphite or hBN-crystals (see
fig. 3.1), where interlayer binding is given by vdW-interaction. The
binding energy between two layers in graphite lies around 0.3 Jm–2
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3.1 Graphene Flakes: Preparation and Optical Detection

or 50 meV per carbon atom[107], which is two orders of magnitude
lower than the in-plane carbon-carbon bond of 4.3 eV. Therefore,
the basal planes of a crystal are easily torn apart while staying in-
tact over relatively large areas, which usually measure several µm2

at the monolayer level, after multiple exfoliation steps.

3 µm

Figure 3.1 From ref.[108]:
SEM-recording of a graphite
crystal. The laminar struc-
ture shows in clusters of
basal planes (parallel to red
lines), lending the crystal a
facetted structure.

For this work, pieces of natural graphite, measuring one to a
few millimeters are used as starting material. Exfoliation is per-
formed by repeatedly folding and drawing back a strip of adhesive
tape over the graphite, thereby covering the tape with increasingly
smaller fragments, ultimately reaching graphene after ∼ 10 – 50 cy-
cles. The graphene-covered tape is then pressed to a clean substrate
(in this work SiO2) and removed after a certain time. Through
vdW-interaction, a subset of flakes from the tape will stick to the
substrate surface; suitable graphene samples may then be chosen via
the optical microscope (see sec. 3.1).

Variation in a number of exfoliation parameters was evaluated
with respect to the yield in terms of number and size of graphene
flakes. Different tapes, amounts of pressure onto the substrate as
well as rest times before removal of the tape where tested to no sig-
nificant avail. However, sensitivity to an environmental parameter
could be observed: Backed up by limited statistics but nevertheless
noteworthy, the yield of exfoliation in a low-humidity environment
appears to be superior. This observation was made by comparing
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results from winter months, where relative humidity in the clean-
room air may drop down to ∼ 20 %, to results from warmer outside
climates with up to ∼ 70 % humidity in the cleanroom. From this,
it is tempting to draw a connection to the hydrophobic nature of
graphene[109, 110]. A water film on the surface of the substrate
may inhibit efficient attachment of graphene flakes. To explore this,
the effect of hydrophobic functionalization on the SiO2 surface was
studied in cooperation with the group of Prof. Behrens from the in-
organic chemistry department of the Leibniz University of Hanover.
As reported in the master´s thesis of Benedikt Brechtken however,
no significant improvement in exfoliation yield could be noted[111].
Water clusters on the graphitic surface itself[109] may also be a lim-
iting factor for the interaction with a substrate. Baking out of the
graphene-covered tape (at low enough temperatures to avoid its de-
composition) or the use of a hydrophilic substrate, in an opposite
approach to the one described above, are therefore possible routes
of further exploration.

Optical detection
While graphene has been shown to absorb significant, wavelength-
independent 2.3 % of incident light (i.e. πα with α = e2/(̄hc) as
fine structure constant and c as speed of light)[112], even higher
optical contrast can be achieved in reflection on a suitable substrate.
Ref.[113] provides experimental study and theoretical description for
the following scenario: A graphene sample of thickness dGra is lying
in air on top of a substrate of SiO2 grown over depth dSiO2 on
a base of silicon which is considered semi-infinite in thickness (see
fig. 3.2). According to Fresnel´s equations, incident light is reflected
and transmitted at every junction in dependence on corresponding
indices of refraction η0 to η3. Moreover, in passing a given material
layer, fractions of light get absorbed according to the imaginary part
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3.1 Graphene Flakes: Preparation and Optical Detection

of corresponding η; different reflections interfere based on their re-
spective optical path length modulated by the real part of η.

air: η0

SiO2: η2

dGra
graphene: η1

Si: η3

dSiO 2

Figure 3.2 Side-view
schematic of a graphene flake
on a substrate of SiO2 and
Si. The sample lies in air.
White light is irradiated from
the top.

Based on the above considerations, ref.[113] finds an expression
(equation 1 in the publication) for the intensities ISub and IGra of
light coming back from an uncovered substrate and a graphene sam-
ple respectively. Accordingly, ISub is plotted in fig.3.3 a as a function
of the light´s wavelength Λ and thickness of the oxide dSiO2 with
indices of refraction η0 = 1 and η2(Λ = 400 nm) = 1.47 as well as
η3(Λ = 400 nm) = 5.6 – 0.4i in approximation of the Λ-dependent η2
and η3[113], where i is the imaginary unit.

In the work leading up to this dissertation, a SiO2-thickness of
330 nm was employed and is marked as a white line in fig. 3.3 a.
Minima and maxima in intensity are marked by colored circles at
respective wavelengths and lend the substrate a greenish appearance
in a white light source as illustrated in fig. 3.3 b,v.

The optical contrast between a graphene layer and the substrate
may be defined as

Copt = ISub – IGra
ISub

.

For the plot in fig.3.3 c, MLG is assigned a thickness of dGra = 3.35 Å
(sec.2.1.1) and the refractive index η1 = 2.6 – 1.3i of bulk graphite[113].
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Figure 3.3 a: Wavelength (Λ)-dependent relative intensity ISub of
light returning from a substrate of SiO2 grown over variable thick-
ness dSiO2 onto a bulk of silicon (1=̂100 % of incident light). b: Pho-
tographs of MLG on a 330 nm-SiO2/Si substrate: i: shot through
optical red filter, ii: red channel RGB-split of v, iii: green channel
RGB-split of v, iv: blue channel RGB-split of v, v: shot at white
incident light. c: Calculated optical contrast Copt of MLG on top
of the substrate considered for panel a.

Maxima in Copt are found near the UV-spectrum at Λ = 394 nm
and in the red spectrum at Λ = 660 nm. The latter can be used to
significantly enhance the visibility of MLG which is still quite low
in white light (see fig. 3.3 b v): As seen in the topmost sub-panels of
fig. 3.3 b, both an optical red filter and the red channel of an RBG-
split in a digital photograph will render a monolayer flake easily
discernible from the substrate, while green and blue channel of the
RGB-split show almost no contrast.

With the equipment and substrate used for the present work, the
highest contrast is attained in the red channel of an RGB-split pho-
tograph taken through an optical red filter, thus narrowing down the
spectral range close to the wavelength of maximal contrast. Exper-
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imental values lie at Copt ≈ 7.5 %± 1.5, where the calculated maxi-
mum at Λ = 660 nm is 10 %; the deviation is explained by approxi-
mations in the employed model as well as spectral mismatch between
experimentally filtered and optimal wavelength. The bottom panel
of fig. 3.4 shows an example histogram of pixel frequency vs. inten-
sity in 8-bit encoding (intensity maximum at 255) for a MLG picture
which has been spectrally optimized as described above. The sum
of two Gaussian distributions is fit to the data in good accuracy.
For more clarity, the intensity range of the photograph to the top is
compressed around the peak positions in the frequency distribution.
In the following, such optimized visualization will have been applied
to all optical pictures of presented graphene samples.
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Figure 3.4 Top: Red channel of RGB-
split performed on MLG-photograph
through optical red filter. Contrast
is enhanced by compression of inten-
sity to the gray shaded area in bottom
panel. Bottom: Histogram over area
indicated by dashed lines in top. Black
line is a double-Gaussian fit.

Optical contrast may also serve in telling apart graphene and
graphite samples in terms of thickness. Figure 3.5 shows calcula-
tions for variable layer numbers in the model described above[113].
At the wavelength Λ = 660 nm, optimal for MLG detection, con-
trast Copt rises slightly sublinear for the first few layers (see inset
of panel b). At nlayer & 5, the slope decreases and changes sign
at nlayer = 24, finally leading to inverted contrast above 77 lay-
ers, where samples will start to appear light rather than dark with
respect to the substrate. After a local absolute contrast minimum
at nlayer = 382, Copt converges where interference of rays return-
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ing from the different material junctions becomes irrelevant due to
absorption in the graphite sample.
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Figure 3.5 a: Calculated optical contrast Copt for graphite on
a 330 nm-SiO2/Si substrate in dependence on optical wavelength Λ
and number of graphene layers nlayer . b: Cross section along dashed
white lines in both panels a and c. The inset shows Copt for the first
ten layers; the gray line extrapolates the contrast step from zero to
one layer. c: Copt for graphite at optical wavelength Λ = 660 nm in
dependence on oxide thickness dSiO2 and number of graphene layers.

In summary, the above described model serves as a convenient
means to estimate the number of layers in a graphene sample via
optical contrast on a substrate of SiO2 grown on top of Si. As the
interlayer distance ∆hAB = 3.35 Å in AB-stacking and the refractive
index η1 = 2.6 – i of bulk graphite are assumed, calculations should
be most accurate at large layer numbers arranged in Bernal-stacking.

In this work, qualitative applicability to TBG can be confirmed;
more detailed studies on the effect of variable ∆h (see sec. 4.2.2) as
well as twist-dependent optical absorption[114] in rotated stacking
may constitute an interesting direction of research however.
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3.2 Lithography: Etching and Electrical
Contacts

To probe the electronic transport properties of TBG, electrical con-
tacts need to be applied. Furthermore, sample geometries like a
Hall bar shape may be defined by etching; in the case of TBG-areas
surrounded by MLG (when the bottom layer is larger than the top
layer, as depicted in fig. 3.6), isolation of the twisted bilayer may be
achieved by etching away undesired portions in the vicinity.

TBG

MLG

substrate

FLG

2 µm

Figure 3.6 Optical picture
of a twisted bilayer produced
by folding of MLG. The
TBG area is surrounded by
monolayer- as well as thicker
fewlayer graphene (FLG) to
the top and left.

As TBG samples usually measure in the low µm-range, desired
structures and electrical contacts need to be defined at sub-micron
precision. The obvious method of choice for this task lies in electron
beam lithography (e-beam lithography) which involves a number
of steps, followed by oxygen plasma etching, application of metal
contacts via physical vapor deposition and electrical connection to
a chip carrier as summarized in fig. 3.7:

• As a first step (fig. 3.7 a), polymethyl methacrylat (PMMA)
is applied as e-beam resist. For this work, a double coating of
4 % 200K PMMA in a solvent of ethyl lactate and 2 % 950K
PMMA in anisole is subsequently spun onto the sample at
4000 rpm and baked out on a hot plate at 185 ◦C for 10 min
each (1K indicating 1000 g mol–1 of the respective molecule).
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• Desired lithographic structures are designed with the software
Elphy of the company Raith which enables a direct trans-
lation to movement of the electron beam of an SEM. E-beam
lithography takes place at an accelerating voltage of 30 keV and
an electron dose of ∼ 250 µC/cm2 (exact values vary slightly
for different samples) to depolymerize irradiated portions of
the PMMA-resist for a positive lithographic process. The un-
dercut (trapeze shape of light blue areas, fig. 3.7 b) is due to
forward scattering of electrons.

Cr/Au

a b ce-beam developer

eO2- plasmad acetone

g acetonef h bonding
wires

e-beam resist

SiO2

graphene

Figure 3.7 Schematic of different processing steps. a: PMMA (blue
bar) is spun onto the sample. b: Areas of the resist are irradiated
via SEM. c: The structures depolymerized in b are dissolved in a
developer. d: Uncovered graphene is etched away. e: The resist is
dissolved in acetone. f: Alternative to d, the sample is exposed to
physical vapor deposition. g: e-beam resist and covering metal are
removed via acetone. h: Bond wires are drawn between contacts
evaporated in f and a chip carrier (not depicted).
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• Irradiated PMMA is dissolved in a developer of methyl isobutyl
ketone (MIBK) and isopropanol (1:3) (fig. 3.7 c).

• The structure created in steps a-c may now be used as an etch-
ing mask (fig. 3.7 d). The sample is exposed to oxygen plasma
generated from oxygen gas through ionization by microwaves.
With the used incinerator (PVA TePla AG, type 100-E) at
parameters of 1 mbar and 100 W, an etching duration of 100 s
has been found to remove a monolayer of graphene. Double
layers are reliably etched at ∼ 220 s. For thicker graphene sam-
ples and graphite, multiple etching steps with fresh PMMA are
advisable, due to degradation of the etching mask in O2-plasma.

• As illustrated in (fig. 3.7 e), the PMMA-mask may be removed
by dissolution in acetone.

• Alternative to etching (step d), the mask created in steps
a-c can be used for locally selective physical vapor deposition
(fig. 3.7 f). In low-pressure atmosphere (< 10–6 bar), a metal
of choice is evaporated via an electron beam; the sample is in-
stalled upside-down in a distance of ∼ 1 m above the crucible.
Thereby, metal atoms settle on the sample surface under near
normal angle of incidence, not filling out the voids below the
undercut.

For this work, 8 nm to 10 nm chromium (Cr) and 30 nm to 60 nm
gold (Au) were subsequently deposited as adhesive layer and
conductor respectively.

• Resist and covering metal are removed by dissolution of PMMA
in acetone (fig. 3.7 g); the above mentioned undercut enables
bypassing of the unreactive metal layer. The contacts de-
posited directly onto substrate and sample stay unaffected.
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• Finally, the contacts deposited in step g are connected to a
chip carrier (see fig. 3.8 h). Large bond pads (see fig. 3.8 g),
defined following the above steps serve as contact area to thin
gold wires. Connection is achieved by thermosonic bonding
with a ball bond at the pads and a wedge bond at the chip
carrier. The silicon base (fig.3.2) of the used substrate has been
rendered conductive by p-doping and is secured to the base of
the chip carrier by conductive glue to establish a backgate
contact, prior to bonding.

a b c d

e f h

20 µm 5 µm

200 µmg

Figure 3.8 a: Optical picture of graphite (white) and graphene
(dark, marked by green square). Cr/Au-markers have been applied
in the vicinity, as indicated by yellow arrows. b: Magnification of
area marked by green square in a. TBG are marked by white ellipses.
c: Developed etching mask: light areas are covered by PMMA. d:
Etching result: only structured TBG remains. e: Developed mask
for definition of contacts via vapor deposition. f: Contacted samples:
the gold leads appear white due to high reflectance. g: Larger area
of the contacted sample: electrical contacts lead to large pads for
bonding. h: From ref.[115]: Photograph of a bonded sample in a
chip carrier.
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Figure 3.8 illustrates the above processing steps in a real example.
In practice, a first lithography step is needed for the application of
a marker field (see fig. 3.8 a) to provide means of accurate alignment
between SEM- and sample-coordinates for the subsequent steps of
defining masks for etching (see fig. 3.8 c) and electrical contacts (see
fig.3.8 e). On average, three cycles of the e-beam lithography process
are therefore needed to prepare a sample for electrical measurement.

As undesirable consequence of the described processing steps,
residues of e-beam resist will inevitably stick to the sample surface
even after the subsequent cleaning procedure in acetone, isopropanol
and drying in nitrogen gas flow. PMMA contaminants act as dopant
and reduce electronic mobility. Possible cleaning steps are anneal-
ing in inert atmosphere via external or Joule heating[116]. These
methods may lead to sample damage however and have been shown
to reduce the intrinsic electronic quality of graphene on SiO2 by
conforming the former to the inherent surface roughness of the lat-
ter[117]. A potent alternative lies in mechanical cleaning[118, 119],
which is discussed as part of the following section on principals and
application of the AFM.
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3.3 Atomic Force Microscopy:
Imaging and Mechanical Manipulation

A particularly important experimental tool for the thesis at hand is
the AFM: On one hand it served for a variety of tasks in imaging,
ranging from the recording of basic topography information and the
probing of frictional behavior to the resolution of Moiré superstruc-
tures (sec.4.2). On the other hand, the AFM was employed as a tool
for micromechanical manipulation; the scanning probe may e.g. serve
as microscale broom in brushing away residues of processing chemi-
cals, thereby improving overall electronic quality of the investigated
sample. A central lithographic task for the present work is further-
more the preparation of TBG via folding of single layer graphene as
presented in sec. 4.1.

The present section starts with a short tract on the AFM´s essen-
tial components and basic working principles; it follows an overview
of operation modes and parameters for the various imaging and
lithographic tasks performed in the context of this work. Finally,
overview and discussion are provided on a number of imaging ar-
tifacts and intricacies in AFM operation, specific to the work with
flakes of two-dimensional crystals.

3.3.1 Working Principles
The AFM as a means to measure forces with aN-precision was ini-
tially presented in 1986 by Binnig et al.[120] as an extended applica-
tion of the scanning tunneling microscope[121]. Binnig and Rohrer
were awarded the Nobel price in physics for their design of the latter
in the same year.
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The AFM´s working principle may be understood in terms of five
basic components, as illustrated in fig. 3.9: In proximity to a sample
surface, a small probe (1) senses interaction forces which translate to
deflection and change of effective resonance frequency in a support-
ing cantilever (2). Deflection or behavior under resonant excitation
are read out by a detection system (3) and processed in a feed-
back loop (4), controlling a piezoelectric actuator (5). The latter
adjusts probe-sample distance and enables lateral relative position-
ing, thereby allowing for a spatial scan of e.g. topographic features.

1

5

3 4

2

Figure 3.9 Schematic of the essential components of an AFM and
their interrelation: The tip of a scanning probe (1) senses the force
field at a sample surface (brown). Deformation of the cantilever (2)
is probed (red arrow) by a detection system (3, blue box). Detected
information is fed to a control unit (4, green box) driving the scan-
ner (5, yellow box) which moves the scanning probe relative to the
sample.

The AFM primarily used for the present work is of type
MultiMode-2 (Digital Instruments), operated in combination
with a NanoScope IIIa controller. Furthermore, a Dimension V
controlled by a NanoScope V unit was employed for special tasks.
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Focusing on their implementation in these AFM models, the five
above introduced components are discussed in the following:

1.) Tip-sample interaction is of Lennard-Jones type, with short-
range Pauli repulsion and long-range attractive vdW-forces. Fur-
thermore, water capillary forces might significantly add to the at-
tractive potential when imaging in ambient conditions[122]. Espe-
cially in the repulsive regime, lateral resolution is limited by the
sharpness of the tip which determines the effective contact area.
For the major part of imaging tasks, Si3N4-probes of type PNP-TR
(NanoWorld) with a tip radius of curvature . 10 nm were
employed. At the cost of a larger radius (100 nm to 200 nm in
DT-NCHR from Nanosensors), diamond coating renders a tip
more wear-resistant, which was exploited for the lithographic task of
scratching into graphene (p. 120).

2.) The cantilever beam supporting the tip is fixated at its rear
and behaves as a spring bar approximately following Hooke´s law
within sensible degrees of deformation. Dependent on its effective
mass the scanning probe is furthermore described by a characteristic
resonance frequency.

For the above described imaging probes, the spring constant lies
at κ = 0.32 N m–1. This value proves high enough to overcome the
attractive force gradient at the sample surface thus preventing stick-
ing of the tip in the given experimental conditions (namely SiO2 and
graphene in ambient conditions), while being preemptive to spring
loads which could damage a graphene flake. The lithography probes
have an average spring constant of κ ∼ 80 N m–1 which enables
exertion of larger tip-sample force.

Significant for different imaging modes (see p. 117) as well as the
major scanning artifact of mechanical crosstalk (see p. 122), a can-
tilever may generally contort in three bending modes depending on
the direction of force applied at the scanning probe´s tip, which is
illustrated in fig. 3.10.
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3.2 AFM: Imaging and Mechanical Manipulation

Most important to the basic operation mode of probing sample
topography, the cantilever will deflect up- or downwards in response
to a respective normal force, as suggested in fig.3.10 b. Secondly and
crucial to frictional measurements, lateral forces in the y-direction
(fig. 3.10 c) lead to torsion of the cantilever around its long axis.
Finally, as shown in panel d, lateral forces in the x-direction promote
buckling which leads to a similar tilt at the cantilever´s front as in
the case of deflection (compare panel a).
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Figure 3.10 Bending modes of a scanning probe. a: 3D-view of a
bar-shaped cantilever and tip. The coordinate system to the bottom
provides a frame of reference for the rotated views in panels b-d.
b: Side-view of the scanning probe; the cantilever deflects up- or
downwards in response to a respective force acting on the tip (red
arrows). c: Front-view of the scanning probe moving relative to
the sample in direction of yellow arrows; frictional forces at the tip
(red arrows) lead to torsion of the cantilever. d: Side-view of the
scanning probe; the cantilever buckles up- or downwards in response
to lateral forces (red arrows).

Where the above considerations focus on static deformation, sur-
face forces also affect a cantilever´s dynamic properties; the corre-
sponding resonance frequency f0 is effectively shifted in dependence
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on the tip-sample force gradient[123]. Eigenfrequencies of here em-
ployed types lie at f0 = 67 kHz and f0 ∼ 400 kHz respectively.

In summary, deformation of the cantilever in three bending modes
as well as alteration of the effective resonance frequency may there-
fore serve as indicator for interaction forces between tip and sample.

3.) To access tip-sample interaction, the above described effects
on the cantilever need to be detected. Initially, the detection system
was implemented via an STM-tip hovering above the cantilever[120];
tunneling current between this tip and a conductive cantilever would
be distance-dependent and thus sensitive to cantilever deflection.

In the majority of modern AFMs including the here employed
models, an optical detection system is used: As illustrated in fig.3.11,
the reflection of a laser beam at the cantilever is read out in a pho-
todetector consisting of four separate elements. Difference Uvert
between the sum signals of upper (A,B) and lower (C,D) segments
gives a measure for the slope of the cantilever front in x-direction and
thus deflection and buckling, difference Ulat between the sum of left
(A,C) and right (B,D) signals for torsion i.e. tilting in y-direction.

Figure 3.11 Schematic of the optical detection system in an AFM.
A laser (right blue box) emits a beam onto the cantilever; the beam
is reflected via a mirror (middle blue box) to a four-segment pho-
todetector.
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3.2 AFM: Imaging and Mechanical Manipulation

4.) Signals of the photodetector are fed into a control unit. De-
pending on the mode of operation, a static Uvert (corresponding to
deflection and thus tip-sample force) or the root mean square of an
alternating Uvert(t) (depending on the match between excitation fre-
quency and effective resonance frequency of the scanning probe) are
used as feedback signal. If the latter deviates from a certain setpoint
value, the scanner is instructed to adjust tip-sample distance (the
sign of adjustment depends on mode of operation).

A parameter for immediacy and severity of these adjustments are
the feedback gains: if chosen high, the AFM will operate at near
constant tip-sample force; if set close to zero, topographic features
will fully translate to deflection or change in oscillation amplitude
at unchanged vertical extension of the scanner. Both modes have
their area of application as discussed in the next subsection on AFM
operation modes.

5.) Lastly, the scanner closes the loop of essential
AFM-components: As described in point 4.), it adjusts tip-sample
distance by vertical extension or contraction; furthermore it allows
for point-by-point probing of a given area i.e. scanning of a sam-
ple by lateral tip-sample displacement. Sub-Ångström spatial res-
olution is achieved via exploitation of the converse piezoelectric ef-
fect: The most common technical realization lies in a tube-shaped
piezo crystal with one electrode at the inside and four at the out-
side (see fig. 3.12 a). Symmetrical application of a voltage between
inner and outer electrodes leads to unison contraction or expan-
sion in the z-direction. Antisymmetric bias between inside and two
opposite outside electrodes will bend the tube laterally (in x- or y-
direction, depending on the choice of the outside electrode pair). The
scanners employed for this work thereby achieve a vertical range of
∼ 6µm and horizontal displacements around 100µm. On one hand,
this relatively wide range is of advantage in locating graphene flakes
on a more or less featureless substrate and imaging large samples.
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Of disadvantage are a lessened resolution, piezo creep[124] and the
high mass of the scanner which may lead to resonance phenomena
at relatively low scanning frequencies (see p. 125).
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Figure 3.12 a: Side- and top-view schematic of a tube scanner with
piezo crystal (gray) and four outer as well as one inner electrode
(gold). b: Illustration of the scanning process with fast scanning
in x-direction (solid gray arrows: trace; dashed: retrace) and slow
scanning in y-direction (blue arrow: upscan, yellow: downscan).

The scan of a given area takes place point-by-point and line-by-line
(fig. 3.12 b), which leads to an inherent time component. Especially
for the understanding of topographic changes during a scan (sec.4.1)
it is therefore crucial to distinguish between up- and downscan. Fur-
thermore, lines can be recorded in opposite directions. Distinction
between so-called trace and retrace scans is of utmost importance
because of a corresponding change of sign in torsional and buckling
response (cf. fig. 3.10).

Finally, the angle between a line scan and the long axis of the
cantilever may be chosen freely and is referred to as scanning angle
in the following. Scanning under zero degree creates no significant
frictional forces in y-direction, thereby minimizing cantilever torsion;
a 90° scanning angle maximizes torsional response.
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3.2 AFM: Imaging and Mechanical Manipulation

3.3.2 Operation Modes and Data Channels
A most significant distinction in AFM operation lies in the probing
of either dynamic or static response: For the former, the scanning
probe is excited near its eigenfrequency via a piezoelectric actuator;
a relatively large tip-sample distance is maintained where the oscil-
lating tip stays in the attractive (non-contact mode) or intermittent
regime (intermittent-contact, also tapping mode) of tip-sample in-
teraction. Changes to the oscillation amplitude are monitored. On
the plus side, this mode of operation is maximally non-invasive; on
the down side, it does not provide access to the full range of bending
modes.

In contrast, scanning in contact mode monitors the static response
of the scanning probe i.e. deformation in three bending modes. Sta-
ble imaging is achieved at repulsive tip-sample interaction; though
unstable upon sharp topographic changes or mechanical vibration,
imaging in the weakly attractive regime is also possible. All AFM
images presented in the following have been recorded in this static
mode to harvest the full range of cantilever response.

For different purposes, different data channels may be accessed.
In contact mode, these are

• the vertical extension of the scanner, accurately following rel-
ative sample height at sufficiently high feedback gains,

• the vertical-difference signal Uvert of the photodetector as a
measure for deflection and buckling, most pronounced at low
feedback gains,

• the lateral-difference signal Ulat of the photodetector as a mea-
sure for torsion, approximately proportional to frictional inter-
action.
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Figure 3.13 shows examples of the three channels, simultaneously
recorded at intermediate feedback gains to balance channels one
and two, and a scanning angle of 280° close to perpendicular, to
achieve sufficient signal in the torsional channel three. Evidently,
each of the channels highlights certain aspects of the sample: Where
channel one (fig.3.13 a) distinguishes the whole range of height from
substrate over graphene to contacts, channel two especially brings
out topographic change e.g. at sample edges (fig. 3.13 b). Channel
three is mostly sensitive to frictional surface properties and thus
distinguishes material rather than topographic features (fig. 3.13 c).

600 -2 0

a b c

BLG

TQG

Ulat (V)height (nm)
0

Uvert (V)
0.1-0.1

Figure 3.13 Electrically contacted (gold leads) bilayer graphene
(BLG) with a fold (”twisted quattrolayer”). At intermediate feed-
back gains and a scanning angle of 280° an AFM-scan is performed
under simultaneous acquisition of three data channels: a: Relative
vertical extension of the scanner, corresponding to a height profile.
b: Signal of the photodetector Uvert as a measure for deflection and
buckling of the cantilever. Sharp sample edges are marked by white
arrows. c: Signal of the photodetector Ulat as a measure for torsion
and thus frictional interaction with the surface.
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Besides imaging, the AFM may also serve as a tool for lithography.
In this, three degrees of invasiveness may be discerned:

The lowest degree preserves the integrity of the graphene lat-
tice. Scanning with a probe of low spring constant (order of magni-
tude 10–1 N m–1) at attractive or repulsive tip-sample forces in the
1-10 nN range[119] has been shown to effectively clean a graphene
sample from processing residues and improve its electronic quality
in lowering doping and increasing charge carrier mobility[118, 119].
Exertion of higher contact force in the repulsive regime (∼ 180 nN)
is found to limit the gain in carrier mobility by adhering graphene
to the roughness of a SiO2 substrate, measurably evident in higher
root mean square values in the topography of a cleaned sample[118].
Figure 3.14 illustrates the effectiveness of micromechanical cleaning

a c

b

Figure 3.14 Mechanical cleaning of a graphene sample. a: Hall bar
shape, structured into a TBG sample. A large bulb of PMMA sticks
to the sample surface. Color scale spans 10 nm from left to right, the
scale bar indicates 1 µm. b: Schematic of a scanning probe, brushing
away residues. c: Cutouts of the hall bar in a; every second out of
a subsequent series of scans is shown in the order indicated by gray
arrows. Time between two subpanels is ∼ 171 s. The color scale to
the top spans 5 nm, the scale bar 1 µm.
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on the example of a Hall bar structured into a TBG sample via the
processing steps introduced in sec. 3.2. The micron-sized bulb of
PMMA is brushed away on a time scale of minutes in a continu-
ous scan of the affected sample area in contact mode at ∼ 10 nN of
repulsive tip-sample interaction.

A second degree of invasiveness has been demonstrated in ref.[125]:
Scratching movements of a diamond coated lithography tip (as in-
troduced on p. 112) at several micronewton of spring load left no
resolvable topographic marks but led to p-doping in the assaulted
area of a monolayer graphene sample. This speaks for the creation of
vacancies at the atomic level while preserving the sample´s integrity
on the microscale.

Finally, invasive topographic alterations can be induced in a
graphene sample e.g. in the form of cuts. By repeated tracing (some
ten repetitions) along a programmed path at applied forces in the
micronewton range (depending on the sharpness of the tip), graphene
may be mechanically structured in a controlled way as shown in
fig. 3.15 b.

a b

1 µm

low load

high load

Figure 3.15 a: Schematic of the shift in tip position upon higher
spring load in the cantilever. b: From the author´s bachelor the-
sis preceding this work: Ray-pattern mechanically scribed into a
graphene bilayer via AFM tip. Color scale spans 3.5 nm.
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To achieve high accuracy, an offset in the tip position upon higher
spring load (see fig. 3.15 a) has to be accounted for in prior cali-
bration. Note that alternative to the scratching in close contact as
applied in this work, lithography has also been successfully imple-
mented in tapping mode[126], yielding similar results.

3.3.3 Imaging Artifacts

The requirement for accurate measurements of TBG interlayer dis-
tance as well as the lateral resolution of superlattice structures in the
context of this work constitute challenging tasks in AFM operation.

While vertical resolution in the sub-Ångström range is technically
given by the scanner and detection system, mechanical crosstalk
between the different bending modes (p. 113) gives rise to system-
atically inaccurate topography measurements in contact mode, po-
tentially to the point of apparent height inversion. Also in tapping
mode, step height measurements between different materials are in-
herently erroneous due to inhomogeneous attractive potentials on
different surfaces[127]. As the described artifacts may reach nanome-
ter scale the signal-to-error ratio potentially reaches unacceptable
levels for thickness measurements on the atomic scale.

For lateral resolution, high scanning speeds are favorable due to
lower impact of thermal noise and drift via reduction of capture
timescales. Here, the large mass of the available scanners posed a
problem because of their correspondingly low resonance frequencies,
leading to artificial features on the lateral scale of interest for Moiré
pattern resolution.

The following section provides illustrative examples and remedy
for the above described artifacts of mechanical crosstalk and lateral
piezo oscillation.
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Mechanical Crosstalk

As illustrated in fig.3.16, scanning in trace or retrace direction leads
to different buckling response of the cantilever dependent on the fric-
tional properties of the probed surface. The optical detection system
does not differentiate between deflection and buckling as mechanism
behind the tilt of the cantilever front however; a rough surface will
therefore cause the feedback system to increase probe-sample dis-
tance in trace direction, leading to an apparent raise of the topo-
graphic plane, while the opposite is the case in retrace direction.

Figure 3.16 Schematic of a
scanning probe in reaction to
low (left) and high (right) fric-
tional forces. Top and bottom
panels illustrate trace and re-
trace direction respectively.
Opposite reaction of the feed-
back system to the respective
buckling response is indicated
by red arrows.

trace

retrace

smooth rough
feedback
response

feedback
response

Measurements of step height between materials with equal fric-
tional tip-sample interaction are not affected by the described
crosstalk effect, as the artificial offset in height applies homoge-
neously. In the here investigated situation however, graphene is
scanned at significantly lower frictional response than SiO2[128].
Furthermore, even between graphene samples of different layer num-
ber[129, 130] and stacking configuration (sec. 4.2.4), AFM-measured
friction is found to vary.

The severity of the associated error should relate linearly to the
frictional tip-sample forces, which are in turn proportional to the
normal force. Furthermore, nanoscale stick-slip friction increases
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3.2 AFM: Imaging and Mechanical Manipulation

with the logarithm of sliding velocity[128]. Most pronounced buck-
ling response to a given frictional force can moreover be expected
for cantilevers of low spring constant.

Figure 3.17 shows topography scans of monolayer graphene on a
SiO2-substrate. In demonstration of the potentially significant ef-
fects of mechanical crosstalk, scanning parameters have been chosen
to amplify the effect: A cantilever of low spring constant (0.08 N m–1)
is scanned at a relatively high velocity of 100 µm s–1, while spring
load (difference between normal force and an unknown attractive
force) is varied. Scanning angle is set to 0°.
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Figure 3.17 Spring-load dependent crosstalk in the height signal of
a contact mode AFM scan on monolayer graphene lying on a sub-
strate of SiO2. a-c: Trace (top) and retrace (bottom) height profiles
at cantilever spring loads of 6.8 nN, 20.4 nN and 34 nN respectively.
Color scale bar spans 7 nm. d: Dots: Extracted height difference
∆hG–S between graphene and substrate plane for different spring
loads. Lines are linear fits to the data.
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At low spring load, the trace scan yields near zero step heights
below the range of fluctuation within the graphene sample; higher
spring loads lead to a decrease in apparent height difference ∆hG–S
between graphene and substrate, reaching nanometers into the neg-
ative. Retrace topography on the other hand shows an increase in
∆hG–S.

These findings are qualitatively understood in terms of the model
illustrated in fig. 3.16, where graphene is assumed to provoke near
zero buckling response (left) while sliding over rough SiO2 leads to
high cantilever contortion (right).

Quantitatively, the crossing point between linear fits to the data
may be viewed as good estimate of the real height and measure for
the attractive tip-surface force: At ∆hG–S ≈ 1 nm and a spring load
of –6.8 nN, the pulling force (negative load) of the scanning probe will
compensate attractive tip-surface force, thereby neutralizing normal
force as well as frictional buckling response and the related artifact
in turn. Note that the value of 1 nm, far exceeding the thickness
of a monolayer as expected from graphite´s interlayer spacing, is
explained by an adlayer of water between sample and substrate and
conforms to recent findings in ref.[131].

Besides the above demonstrated method of extracting the real step
heigth via extrapolation of the artifact´s effect to a cause of zero, a
number of more or less complicated calibration procedures[132–134]
and corrections to the feedback loop[134] have been proposed. More
recently, the PeakForce technique (Bruker) which combines tap-
ping and contact mode principles has been found to produce results
of high accuracy[131].

A seemingly easy remedy lies in choosing a scanning angle of 90°,
which would minimize buckling and give rise to torsion as frictional
response. However, slight misalignment of the photodetector usu-
ally undermines perfect decoupling of lateral and vertical signals,
enabling crosstalk even between torsional and deflection mode[135].
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In this work, a reduction to . 10 pm between trace and retrace
scans of step heights between graphene layers is achieved by the
choice of appropriate scanning parameters:

• A cantilever of intermediate spring constant (0.32 N m–1) is
employed.

• If possible, the scanning angle is set to 90°.

• Scanning speed is limited to 2µm s–1.

• The contact force is minimized by scanning in the low attrac-
tive regime of tip-sample interaction.

In summary, it is highly advisable to always monitor trace and
retrace direction at the same time and heed the above optimizations
to the scanning parameters and measurement setup.

Piezo Oscillations

In contrast to the vertical, high lateral resolution is needed for mea-
surements of Moiré pattern dimension which holds valuable infor-
mation about interlayer twist in TBG (sec. 2.1.2). To reduce the
blurring of features due to thermal noise and drift, impeding the
targeted nanometer resolution, high scanning speeds are necessary.

At about 5 Hz of scanning frequency however, line features ap-
pear perpendicular to the fast scanning direction as demonstrated
in fig.3.18. Most pronounced at the beginning (left for trace, right for
retrace) oscillations subside in the course of each line scan at mod-
erate scanning frequencies until they completely dominate the ob-
tained image at frequencies above 20 Hz. Occurrence is time- rather
than space-dependent as demonstrated in fig. 3.18 which rules out
any relation to topographic features; frequencies lie around 1000 Hz.
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a b
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Figure 3.18 a: 100 nm cut-out from a 200 nm map of the torsional
signal acquired on a small-angle TBG at 10 Hz. Indicated by dashed
white lines are rudimentary features of a Moiré pattern. Solid lines
mark piezo oscillations. b: Same signal, sample and frequency as
in a at half the respective area (50 nm cut-out from a 100 nm scan).
Vertical lines to the left have the same spacing as in a, revealing their
time-dependent nature; diagonal features of the Moiré pattern scale
inversely with scanning area, confirming them as rooted in space. c:
Oscillations marked by solid lines in panels a (black) and b (gray),
plotted on a time-axis. Features from both scans share a frequency
of ∼ 1000 Hz.

Ref.[136] finds similar lateral resonance in the spectrum of a piezo
tube scanner. High excitation frequencies are provided within the
broad spectrum associated with the triangular driving signal even
though the scanning repetition rate lies orders of magnitude lower.
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With the employed scanner (type 5657jv), a scan rate of 10 Hz
is found to constitute an optimal compromise between reduction of
thermal blurring and lateral piezo oscillation: Firstly, sufficient time
passes for the artifacts to have mostly subsided in the second half of
each line scan (cut out for the examples in fig. 3.18). Secondly, the
resonance frequency of the scanner is not yet as pronounced in the
spectrum of the scanner´s driving signal. Heeding this, it is possible
to achieve adequate superlattice resolution on the nanometer scale
even with a large scanner, capable of ∼ 100µm lateral range, as
demonstrated in sec. 4.2.1.
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3.4 Magnetotransport: Cryogenic Setup and
Measuring System

To resolve the intricate dispersion and topology of TBG´s band
structure in transport experiments, two major parameters want con-
sideration: Most importantly, the sample temperature has to be
controlled. Low temperatures are needed to preclude smearing-out
of electronic features. On the other hand, measurements over a
wide temperature range are e.g. desirable for the characterization of
energy gaps[61]. Secondly, a perpendicular magnetic field enables
determination of charge carrier concentration via the Hall effect.
Furthermore, the density of states will quantize, forming a gapped
energy spectrum (sec.2.3) which may be resolved at high flux density,
low temperature and appropriate sample quality, thereby disclosing
information about degeneracy, effective mass and Berry phase in the
probed sample.

To meet the above requirements a cryogenic setup with a su-
perconducting magnet is employed. Important working principles
are summarized in the following: In its essence the used 4He bath
cryostat (Oxford Instruments) is a thermally isolated container
filled with liquid helium. The latter serves two purposes, firstly en-
abling superconductivity in a coil to the cryostat‘s bottom (fig.3.19),
thereby maintaining low power consumption even at high magnetic
fields (up to 15 T). Secondly, the helium bath will cool an immersed
sample to the liquid helium temperature of 4.2 K.

By installing an inner vacuum chamber (IVC) with a controlled
inflow of 4He through a needle valve, and a pump controlling the
pressure, the temperature may be further lowered down to ∼ 1.5 K
(at ∼ 5 mbar). For higher temperatures of 10 K to 300 K, a heater
stabilizes the IVC temperature with the help of an automated control
unit (ITC 503, Oxf. Instr.). In this, a finite 4He-pressure should
be maintained for sufficient thermal coupling to the sample.
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To guide the sample into the IVC, the chip carrier is fit to the end
of a specially designed pole with attached wires to establish electrical
connection to measurement apparatus outside the cryostat (yellow
line, fig. 3.19).

IVC

l 4He

superconducting coil
OVC

Figure 3.19 Schematic side view of a bath cryostat. A supercon-
ducting coil (black rectangles) lies in liquid helium (dark blue). Mag-
netic field lines (red) flow perpendicular to the sample plane at the
bottom of the inner vacuum chamber (IVC), where low 4He pressure
is pumped (illustrated in light blue). Electrical wires (yellow) are
led from the chip carrier up a sample pole. The cryostat is isolated
by an outer vacuum chamber (OVC).

The requirements for transport measurements presented in this
work are comparatively simple: Two out of four input parameters,
namely sample temperature and perpendicular magnetic field are in-
troduced above. Furthermore, a voltage UBG between backgate and
sample is applied to vary charge carrier concentration. The volt-
age drop between two given contacts is then measured at a constant
source current ISD. A schematic diagram of the measurement setup
is given in fig. 3.20.
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Figure 3.20 Schematic of a sample in Hall bar geometry, lying on
a substrate of SiO2 (dark gray) and Si+ (light gray). The sample
is grounded at the rightmost contact relative to which a voltage is
applied to the Si+-backgate, using a Keithley 2400 sourcemeter;
a series resistor R secures the sample against high backgate current.
Via a Keithley 6221, a current is driven between left- and right-
most contact. Between the inner contacts voltage drop is measured.

In all here presented electrical measurements, a Keithley 2400
sourcemeter was used for application of the backgate voltage UBG.
To limit the charge current of the Si+-SiO2-graphene capacitor and
and prevent damaging energy dissipation in case of a dielectric break-
down, a series resistor of 10 MW is integrated additionally to a com-
pliance in the Keithley.

Current is sourced through the sample via a Keithley 6221
which stands out by a high output impedance of 1014 W, enabling
stable measurements even at high sample resistance.
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Depending on whether measurements are performed under
direct current (DC) or alternating current (AC), the voltage drop
between contacts of interest is detected via Keithley 2000 multi-
meter or lock-in amplifier (EG&G 5209, 5210 and 7260) connected
to the current source via trigger link.

In general, data were recorded in maps of magnetic field B and
backgate voltage UBG for a given temperature T, where B is stepped,
UBG is sweeped and T is set before a given measurement as illus-
trated in fig.3.21. Quantitative dependencies on one of these param-
eters are derived from according cross sections through the recorded
maps.

UBG

B

T3=const.

UBG

B

T2=const.

UBG

B
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Figure 3.21 Illustration of the temporal order, measurement pa-
rameters are varied under. A backgate sweep is performed on a
timescale of minutes, followed by a step in magnetic field strength,
amounting to multiple hours for a high-resolution map over the full
parameter range. If desired, the protocol is repeated for different
temperatures T.

Proportional conversion between backgate voltage UBG and charge
carrier concentration n is given in the factor C∗=6.53× 1014 V–1m–2,
which derives from the thickness dSiO2 = 330 nm and dielectric con-
stant εSiO2 = 3.9 of the oxide layer in the employed substrate fol-
lowing a parallel-plate-capacitor model.
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3.5 Summary
In summary of this chapter, mechanical exfoliation of graphene flakes
from natural graphite via a strip of adhesive tape was introduced in
sec. 3.1. Possible influence of ambient humidity on the exfoliation
yield was discussed with regard to graphene´s hydrophobic nature.

Optical detectability of graphene on a substrate of SiO2 grown
into a base of Si was demonstrated and theoretically described for
the employed oxide thickness. The presented principals were shown
to enable identification of layer number and optimized visualization
of a given sample.

In sec. 3.2, the processing of a graphene flake into an electrically
contacted sample in subsequent steps of e-beam lithography followed
by oxygen plasma etching and evaporation of Cr/Au was described.

Section 3.3 introduced the working principals of the AFM and
established basic terms for the description of important scanning
parameters. Application to imaging in different data channels as
well as mechanical manipulation ranging from cleaning to cutting
of graphene were presented. Finally, the artifact of mechanical
crosstalk was traced to its root in a variety of parameters to be
tuned for its minimization; the artifact of lateral piezo oscillation
was demonstrated and assessed in its impact on the resolution of
Moiré pattern in TBG.

In sec. 3.4, the 4He bath cryostat employed for magnetotransport
measurements at temperatures from 1.5 K to 300 K was introduced.
Apparatus and protocol for resistance measurements presented in
chap. 5 were described.
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4 Structural Studies
on
Twisted Bilayer Graphene

Where sec. 2.1 introduces TBG structure with respect to lattice ge-
ometry on the atomic level and from a mostly theoretical standpoint,
the present chapter takes a look at TBG morphology on the lateral
nano- to microscale and is based on experimental study.

Section 4.1 starts with a brief review on different approaches to
TBG preparation. The three methods of mechanical transfer, growth
from SiC and CVD are compared with respect to achievable twist
angles and lateral dimension. The forth method, lying in the folding
of graphene monolayers, constitutes the source of TBG examined in
this work. On the basis of a broad number of prepared samples,
the folding process is examined: mechanical initiation via AFM is
demonstrated; hints towards the underlying dynamic mechanism are
evaluated.

In sec. 4.2, folded TBG are investigated with respect to their
most characteristic properties of interlayer twist and interlayer dis-
tance. Brought into relation with these, the length of the folded
edge ` is demonstrated to hold information about interlayer inter-
action energy and is furthermore found to influence the bending ra-
dius in analogy to phenomena in carbon nanotubes. Finally, AFM-
measured friction on the TBG surface is discussed as a measure for
interlayer interaction.
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4.1 Preparation of Twisted Graphene
Bilayers

To date, there are four established methods of TBG preparation.

The first lies in mechanical transfer, often in conjunction with en-
capsulation in layers of hBN: Starting with exfoliation to a polymer
which would then be upended and aligned over a substrate to po-
sition an attached flake onto a substrate-bound bottom layer [67],
the method soon evolved to the cleaner dry-pickup, utilizing supe-
rior vdW-interaction between two flakes to collect subsequent layers
from a substrate via a ”stamp”[137]. In principal, the twist angle
between two stacked graphene layers can be tuned to an arbitrary
value. Relying on straight sample edges (see sec. 4.2.1), accuracy is
limited to ∼ 1°; a novel technique, sectioning and selectively detach-
ing a single flake to transfer it back onto the sample area left on the
substrate has been demonstrated to substantially improve accuracy
however[138].

Secondly, graphene bilayers may be grown out of SiC. Due to geo-
metrical interplay with the mother material´s surface, growth from
the Si-face of SiC will give rise to AB-stacking configuration[139],
while growth from the C-face preferentially yields TBG of twist
angles θ = ±2.2° and θ = 30° ± 2.2°[84, 92]. TBG areas reach
several microns in lateral dimension but are often limited in elec-
tronic quality due to the formation of wrinkles and bubbles upon
cooling down after growth.

A third and widely used method is based on CVD growth on
transition metal substrates like copper:
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4.1 Preparation of Twisted Graphene Bilayers

Under appropriate nucleation conditions, layers may be subsequently
grown onto each other, yielding AB-stacked as well as twisted bilay-
ers in the early stages of the process[24]. Typical TBG areas measure
1 µm to 10µm[24, 140]. Distribution of rotational mismatch shows
maxima at low and high angles, as illustrated in fig. 4.1.

Though a root cause of this often found distribution is likely to be
linked to energetically favorable stacking configurations, a detailed
understanding of the preferred arrangement under certain interlayer
twist has yet to be developed.
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Figure 4.1 Histogram of occurrence in twist angle for TBG grown
by CVD. Data stem from ref.[140] (yellow, low pressure CVD) and
ref.[24] (red, ambient pressure CVD) respectively. The leftmost red
bar indicates bilayers in Bernal-stacking.

Lastly, TBG can be produced by the folding of monolayer graphene.
This is the method of choice for twisted bilayer preparation in the
context of this work and will be discussed in the remainder of the
present section.
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To begin with, folded graphene can occur as byproduct of mechan-
ical exfoliation and is randomly found amongst other flakes. This
has early been observed and exploited for a proof of layer number in
AFM measurements of the associated step heights[1]. Magnetotrans-
port measurements on contacted flipped-over areas yield quality data
indicating high crystalline order in the folded samples (see sec. 5.2).

The attempt to understand and gain control over the folding pro-
cess brought forth a number of different techniques: Ref.[141] in-
vestigated the effects of an additional exfoliation step, peeling away
top layers of graphene and graphite already attached to a substrate.
Ultrasonic excitation in liquid suspension[142] and flushing flakes on
a substrate with water[143] have been shown to yield folded areas in
the high nanometer and low micrometer range respectively.

Finally, manipulation via AFM tip has been utilized to create
folded regions by scanning at moderately elevated force[144, 145] or
selectively invasive nanoindentation[17, 146].

For this work, TBG is prepared via exfoliation as well as two ap-
proaches in AFM-manipulation. Figure 4.2 shows examples from ex-
foliation (panel a), scanning with a hard lithography probe at spring
loads around 100 nN (panel b ) and cutting into the graphene flake at
several micronewton (see diagonal trench in panel c). Results from
the two AFM-methods differ in the way that folds originate from
native sample edges in the first, and from newly created roughened
surfaces in the second case.

In general, folding probability and yield are lowest in random ex-
foliation and highest in the more invasive AFM approach. In the
following, folding results are examined, compared and classified.
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a b c

5 µm
1 µm

5 µm

5 µm A
B

C
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B

Figure 4.2 a: Optical pictures of graphene monolayers folded over
in the areas indicated by red arrows. Folds are a byproduct of ex-
foliation. b: AFM topography of a monolayer graphene flake with
multiple folds along the edges. Folding occurred during scanning in
hard contact. c: AFM topography of a monolayer graphene flake.
A diagonal cut has been applied at high contact force; several folds
spread from the newly created edges. Color scalebar spans 2 nm and
5 nm for b and c respectively.

In principal, TBG areas of several micrometers are achievable
via all three approaches. Proportionally however, large numbers
of small folds below 1.5 µm are created, especially by the invasive
AFM method as evident from the histograms in fig. 4.3 a.

A noteworthy distinction between folding sources lies in the pro-
duced geometry: Exfoliation flips a flake over as a whole in most
cases, causing no rips and tears (both folds in fig. 4.2 a). The ma-
jority of TBG created upon scanning are of triangular shape with
one edge folded, one edge from the flake´s native surface and one
edge torn out of the bulk (folds A and B in fig. 4.2 b). Folds origi-
nating from a cut trench usually take on a trapeze shape with two
rips tapering in distance towards the folded edge (fold C, fig. 4.2 c).
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4 Structural Studies on Twisted Bilayer Graphene

Figure 4.3 b summarizes the described behavior in histograms over
the number of tears leading to a fold. In rare cases like the one of
fold B, fig. 4.2 c, trapeze shape is taken at a single rip, where the
opposite side runs parallel to a sample edge, which is registered
under 1* in fig. 4.3 b.
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Figure 4.3 a: Histogram of occurrence in folded area for the TBG
sources of exfoliation (top, red), AFM-scanning (blue, middle) and
AFM-indentation (yellow, bottom). b: Histogram of occurrence in
the number of rips contributing to a single fold upon exfoliation (top,
red), AFM-scanning (blue, middle) and AFM-indentation (yellow,
bottom).

For the dynamic process behind the creation of a fold, two sce-
narios may be envisioned: Firstly, the area to be folded may keep
a straight planar shape and flip over rigidly as depicted in fig. 4.4 a.
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4.1 Preparation of Twisted Graphene Bilayers

Secondly, the TBG area may grow in-plane by sliding forward, con-
tinuously fed by a rolling motion at the folded edge (fig. 4.4 b).

ba

Figure 4.4 Scenarios for the dynamics of a folding process in
graphene (gray) on a substrate (brown). a: An area of the flake
rigidly flips over around a defined axis (marked in black). b: The fold
grows (straight arrow) coming from a forwards rolling edge (curved
arrow).

While the first process should be instantaneous as an unsupported
graphene flap in transit will be highly unstable, the second folding
process may take place on a finite time scale, depending on a possi-
ble driving force (e.g. an AFM-tip) or intrinsic growth dynamics[17].
In the majority of cases, AFM scans do not reveal any time-dependent
evolution in fold geometry or size. Due to the inherently limited
temporal resolution of AFM scans however, dynamic behavior on
time-scales shorter than minutes can not be expected to show in
subsequently recorded frames. Distinction between spontaneous or
gradual folding processes thus proves difficult.

In spite of the discussed limitations, evolving shapes of freshly
created folds could be observed in two instances:

139



4 Structural Studies on Twisted Bilayer Graphene

Figure 4.5 e shows an upscan in trace direction, recorded imme-
diately after scribing a trench (dark diagonal line) into a graphene
monolayer sample:

An elevated TBG area is clearly resolved between the blue and
yellow dashed lines; a trapeze-shaped area of bare substrate, as in-
dicated by the blue arrow, suggests folding of the TBG out of the
according MLG vacancy.

Figure 4.5 f depicts the final shape of folded configuration as sub-
sequently recorded with a soft imaging probe (Note that an addi-
tional fold, as indicated by the red arrow, is not of primary interest
in the current discussion).

A number of correlations in the described scan of panel e suggest
the capture of a dynamic, rather than static scenario:

Firstly, the folded area as recorded extends much further than the
vacancy it supposedly originates from.

Secondly, the recorded width of the fold stays constant over a long
range, where the shape of the final fold as shown in panel f is clearly
tapered.

Thirdly, a jump in topography occurs at the height of the white
arrow.

Based on these considerations, the scan therefore likely captures
the fold as it slides and extends upwards at roughly the velocity of
the upscan (39.1 nm s–1):

The upper panels of fig. 4.5 accordingly provide schematic recon-
structions of the folding progress based on the scan lines captured
locally at selected times, as indicated along the arrow to the left of
panel e. The sudden change of growth direction between panels c
and d (at the height of the white arrow in panel e) may herein be
caused by the fast line-scan motion (20.1µm s–1) of the hard AFM
lithography probe.
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e f

a cb d

0 s

34 s

57 s
67 s

Figure 4.5 Upper panels: Suggested temporal evolution of the
fold recorded in the lower panels, starting at a narrow flipped-over
seed in a. b: From the vacancy recorded around the position of
the blue line in e, the folded shape at the corresponding time is
reconstructed. c: Same as in b, based on width and shape of the
TBG area around the green line in e. d: Shape of the final folded
configuration (around yellow line in e). Lower panels: AFM to-
pography of folded graphene. Scale bar indicates 1 µm, colorscale
spans 3 nm and 7.5 nm for left and right panel respectively. e: Up-
scan in trace direction with a hard lithography probe immediately
after application of the diagonal cut, recording the formation of a
fold in monolayer graphene. Colored dots along the arrow to the left
mark the time scince the start of the scan. White arrow marks dis-
ruption in topography. f. Final folded configuration recorded with
a soft imaging probe. (Of secondary interest, the fold indicated by
the red arrow has evolved in the meantime.)
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A second example is show in fig. 4.6: Panel c is recorded with a
hard lithography probe as upscan (18.75 nm s–1) in trace direction
(19.2 µm s–1) and shows a triangular fold in evolution, where panel
d shows the subsequent downscan revealing the final static TBG.

Below the lower dashed white line, fig. 4.6 c does not reveal any
sign of a fold; the contour of the TBG to evolve in further course of
the scan is marked in transparent white lines.

Above the upper dashed line, the recorded folding geometry is
identical to the final, static one, as depicted in panel d.

These two observations coercively indicate formation of the folded
TBG area in a time frame of roughly 30 s, as elapsing between dashed
white lines (see time tags at the white dots in fig. 4.6 c).

The topographic features resolved in the respective local and tem-
poral window furthermore allow for reconstruction of the likely sce-
nario of growth: Two alternative sequences of suggested intermediate
configurations are compared in the upper panels of fig. 4.6:

Panel a interpolates three intermediate geometries under assump-
tion of a constant direction in the folded edge. The observed reso-
lution of the torn edge (indicated by the yellow arrow in panel c) is
herein accounted for if progress of the upscan is assumed just below
the fold (yellow dots, panel a) at any time; the fold itself however
would overlap the area in between dashed white lines. As no accord-
ingly elevated features are resolved below the torn edge in panel c,
the scenario depicted in panel a provides no satisfactory match to
the according scan.

Panel b suggests a counter-clockwise rotation in the direction of
the folded edge instead. Here, the folded TBG area would stay above
and beyond a given linescan at its lower right corner (yellow dots).
In this scenario, the absence of elevated topography below the torn
edge is accounted for. Note furthermore that the proposed rotation
is associated to different growth velocities along the native sample
edge to the top and the torn edge to the bottom (as marked at the
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two arrows): Slower progression along the latter is highly sensible,
as tearing energy has to be afforded in contrast to the former.

c d

a b

86 s

113 s

fast

slow

Figure 4.6 Upper panels: Schematic of intermediate folded con-
figurations in the time frame between white dots in c. Investigated
are two different scenarios of growth: a: The angle of the folded edge
stays constant; portions of the folded area protrude across the area
between dashed white lines and should have been resolved in the
topography scan shown in c. b: The direction of the folded edge ro-
tates counter-clockwise; the area between torn edge and lower dashed
white line stays clear. Lower panels: AFM topography of folded
MLG; scale bar indicates 2 µm, colorscale spans 4.5 nm. a: Upscan
in trace direction: above the upper dashed white line, main topo-
graphic features are identical to the ones in d. In between dashed
lines, geometry of the torn vacancy to the right appears identical,
while the folded area to the left is in evolution. The contour of
the final TBG configuration is indicated in transparent white. b:
Subsequent downscan of the final folded configuration.
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As a side note, the vacancy left by the fold in fig. 4.6 c apparently
lies in a lower plane than the surrounding substrate. By panel d,
areas are largely planished. Similar ”ghosts” of a folded flake are
often observed and likely connected to ambient (aqueous) adlayers
on the uncovered substrate, where scanning in hard contact will push
aside much of the water between graphene and substrate[131].

In summary of the presented examples, dynamic evolution in the
configuration of folded areas in graphene is observed upon inva-
sive nanoindentation (fig. 4.5) as well as scanning in hard contact
(fig. 4.6). Detected growth velocities exceed ∼ 10 nm s–1 and define
a narrow time-window below common AFM capture duration. It
is therefore highly possible that similar growth processes led to the
formation of other TBG produced by AFM-manipulation without
being detected, as scanning direction and speed will not match the
progression of a newly created fold in most cases. As a working hy-
pothesis, the principals of dynamic growth as deduced from fig. 4.5
and fig.4.6 are therefore extrapolated to all AFM-induced folds based
on their similar shapes and size as well as the above considerations.

Following the hereby established identification of the sliding-
scenario from fig.4.4 b (opposed to the flipping-scenario) as dynamic
mechanism behind folding initiated via AFM, the next question to
be answered concerns the driving force behind the associated TBG
growth, which may on one hand be external; on the other hand the
inherent energetic balance in folded TBG could favor its expansion
from a small flipped-over seed to an extended area.

The only possible external trigger in an AFM-scan is the motion of
the moving tip. As there is no consistent correlation between the fast
scanning direction and the main direction of growth however (around
perpendicular in fig. 4.5 vs. parallel in fig. 4.6), scanning motion as
major driving force behind a folding process can be discarded (with
the possible exception of small corrections as seen in the disruption
of growth direction at the dashed line in fig. 4.5 e).
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Ref. [17] proposes a thermally activated growth mechanism: Start-
ing from a small embryonic structure created via external stimulus
and stabilized by vdW-interaction overcoming the strain of the fold,
the structure evolves via thermal fluctuation and incrementally pro-
gressive assumption of thusly enabled energetically favorable config-
urations. The energetic gain associated with the binding to another
graphene layer over binding to the substrate on a given length dx
overcompensates the tearing of bonds, as long as integration over
width ` yields a large enough area dA (see fig. 4.7 a).

dAdA

l

dx
dA

a b

lt

Figure 4.7 a: Schematic of a folding process. Graphene pro-
gressively detaches from the substrate in an area dA (blue plane), to
gain superior bonding between top and bottom layer over an iden-
tical area. Bonds along dx are torn in the process. b: Top view of
the folded structure. Strain in the folded edge leads to its successive
narrowing.

Friction between layers in the sliding motion during growth is
found to be a negligible factor, which is ascribed to incommensurate
stacking configuration as confirmed via Raman spectroscopy[17]: In-
commensurability between graphitic sheets has been demonstrated
to give rise to superlubric interaction[18] and is assumed to enable
free sliding in the proposed growth scenario.
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Strain energy contained in the fold however will enforce succes-
sive narrowing of the bended edge and tapering of the torn area
(fig. 4.7 b). At a characteristic width `t the growth is terminated, as
energetic gains in dAt ≤ `tdx no longer exceed the bonding energy
in two edges along dx.

Experimentally, ref. [17] finds constant `t in several folds grown
in parallel out of a single flake in accord with the theoretical model,
which confirms termination width as indicator for the binding energy
density between top and bottom layer.

In this work, structures of similar two-rip geometry grown under
a variety of interlayer twist angles exhibit termination widths over a
wide range between 80 nm and 5µm. As will be shown in the follow-
ing sec. 4.2, `t is in fact found to correlate with rotational mismatch
as well as interlayer distance and may thus provide a measure for
twist-dependent interaction energy in TBG.

The above described model applies to folded structures with two
tears as mostly gained from the invasive indentation method
(fig. 4.3 b). For structures grown at one rip however, two important
distinctions require alternative explanation:

Firstly, the folded edge may actually grow rather than diminish
in width, as evident from fig.4.6. This rules out the above described
termination dynamics, as the corresponding differential area dA (see
fig. 4.7 a) and the associated energetic gain are growing accordingly.

Secondly, the considerations discussed on the examples in fig.4.6 a,b
suggest a dynamic behavior in the direction of the folded edge. This
translates to a shift in interlayer twist during the growth process,
which affects the commensurability of interlayer stacking and in turn
alters frictional properties between sliding TBG layers.

Conceivably, a fold growing under rotation may thus lock into
a commensurate stacking configuration, thereby increasing friction
and abruptly terminating further extension. The validity of this
hypothesis for one-rip structures will be put to the test in sec. 4.2.
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Most obvious distinctions in folds created as byproduct of exfo-
liation from those produced via AFM-induced growth are found in
relatively large corresponding TBG areas (fig. 4.3 a) as well as the
absence of rips in the majority of cases (fig. 4.3 b). Taking a closer
look, an important structural effect is furthermore found in TBG
areas folded as a whole i.e. at no tearing: Various degrees of rippling
on the 10 nm-scale as well as the formation of wrinkles in microm-
eter intervals are spotted in localized areas of corresponding folds.
Examples are shown in fig. 4.8 for a TBG and a folded AB-bilayer
not included in the above TBG statistics.

2 µm 100 nm
a b

MLG
TBG

BLG

TQG

Figure 4.8 a: TBG folded from a monolayer (MLG) during exfoli-
ation. Wrinkles perpendicular to the folded edge (to the right, not
depicted) are indicated by arrows. b: Twisted quattrolayer (TQL)
formed from an AB-bilayer (BLG). Ripples confined to the folded
area are indicated by dashed lines. Colorscale spans 2 nm for both
panels.

The observed structural distortions are indicative of strain[147]
in the graphene toplayer and thus unlikely to arise during energy-
optimized growth as discussed for the AFM-induced folds.
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TBG formation during the exfoliation process is therefore likely to
be driven externally; as lateral pulling and sliding as illustrated in
fig.4.4 b has been shown to favor ripped and tapered structures[141],
folding in a high arc (fig. 4.4 a, conceivably guided by the adhesive
tape) is the most probable scenario.

Note that wide areas of the exfoliated TBG stay unaffected of
the discussed distortions and allow for the observation of coherent
electronic effects (cf. sec. 5.2). A likely explanation is energetic and
structural optimization in large bulk areas at the cost of localized
stress, often found close to the folded edge or the front boundary of
the fold.
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4.2 Morphology of Twisted Graphene
Bilayers

The previous section identified three categories of TBG-preparation
via folding: Mechanism behind the majority of folds from exfoliation
is mechanical flip-over without introduced tearing; AFM-induced
folding is furthermore distinguished by the formation of one or two
rips during thermally activated growth.

In the present section, thusly produced structures are examined
more closely with the help of various AFM-techniques, focusing on
four important parameters:

In sec.4.2.1, rotational mismatch θ is determined via sample geom-
etry and from Moiré pattern resolution. Distribution of twist angles
is correlated to the mechanism of preparation.

In sec. 4.2.2, the interlayer distance ∆h is determined in AFM to-
pography measurements and correlated to rotational mismatch and
corresponding stacking configurations (cf. sec. 2.1).

In the above considerations on TBG growth, length of the folded
edge ` has been pointed out as a possible termination criterion and
measure for in-plane interaction. Twist-angle dependence and cor-
relation to interlayer distance are examined in sec. 4.2.3.

Furthermore, the three-dimensional shape of the bended intercon-
nection between top and bottom layer is investigated.

Finally, sec. 4.2.4 presents frictional AFM measurements on the
TBG surface which are compared to the behavior on monolayers
and single crystal (SC)-fewlayers.
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4.2.1 Angular Distribution

As presented in sec. 2.1, rotational mismatch θ is the major param-
eter for interlayer stacking configuration in TBG:

Firstly, it gives rise to Moiré superstructures of wavelength λM,
which can be resolved via scanning probe microscopy and mono-
tonously grow with decreasing θ between 30° and 0° (see eq. 2.5).

Secondly, discrete commensurate angles lead to exact periodicity
and overlap of atomic positions at wavelengths λC which lie on the
Moiré curve of eq. 2.5 as well as potentially far above λM for a given
commensurate rotation (compare fig. 2.9).

To determine rotational mismatch experimentally, a number of
methods may be applied: Real-space resolution of the Moiré pattern
via scanning probe microscopy[26] allows for accurate deduction of
θ via eq. 2.5; electron diffraction patterns[24, 39] hold information
about the orientation of as well as the superstructure between in-
dividual lattices. Furthermore, an indirect measure of θ may be
acquired in Raman spectroscopy[148, 149] or in electronic transport
measurements.

Means of estimating rotational misalignment are provided in the
edges of graphene flakes: Graphene has two nonequivalent symmetry
directions which are named after the shape of corresponding edges at
the atomic level: the armchair- and zigzag-edge, alternating in 30°-
steps upon rotation (fig. 4.9 a). Exfoliated as well as CVD-grown,
samples are found to be terminated by such crystallographic edges
in the majority of cases[24, 150].

This is exploited for TBG production in mechanical transfer to
align top and bottom layer based on their edges (sec. 4.1) . Note
however that an error of up to 30° in 50 % of cases is inherent to
the method as, lacking atomic resolution, armchair and zigzag edges
cannot be distinguished. In a folded sample however, top and bottom
layer share the same lattice which eliminates this need of distinction.
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Figure 4.9 a: Graphene´s hexagonal lattice; two crystallographic
directions of sixfold rotational symmetry each are indicated in black
and blue. Corresponding characteristic edge shapes lead to their
captioning as ”armchair” and ”zigzag”. b: Schematic of a graphene
lattice folded to a twist angle of 38.213°. The folded edge is marked
in white, symmetry directions terminate the flake. The angle φ
between folded and sample edge as well as the resulting interlayer
twist θ are indicated in brown and red respectively.

The twist angle θ is therefore with certainty described by the
angle φ between orientations found in the sample edges and the
folded edge as

θ = 2 · φ. (4.1)
Figure 4.9 b illustrates the above relation. The folded edge may be
viewed as acting mirror axis between bottom (black armchair axis
to the left) and top layer (black armchair axis to the right). Thusly
obtained twist angles are projected into a range of 0° to 30° as a
distinction between commensuration partners at the atomic level
(see fig. 2.9 and fig. 2.12) is not justified at the given accuracy.
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Depending on the quality of straight, undisrupted edges in a sam-
ple, accuracy lies in the range of 1°. For statistics over larger num-
bers of TBG as required in the present chapter, the presented meth-
ods thus provides a good compromise between experimental effort
and informative value. Especially in the low-angle range, electronic
spectra in TBG may vary on much lower angular scales however
(sec.2.2.2). When important for the interpretation of magnetotrans-
port data (chap. 5), higher accuracies around 0.1° were achieved via
Moiré pattern resolution:

As impressively demonstrated for graphene on hBN[40], lateral
force microscopy is sensitive to a Moiré pattern in giving rise to
frictional stick-slip movement of the AFM-tip.

100 µm-1

50 nm

a b c
R -1

2 µm

118°

57°

87°

Figure 4.10 a: Lateral signal of the photodetector indicating fric-
tional stick-slip interaction between AFM-tip and TBG Moiré pat-
tern. The yellow star indicates orientation of the superstructure´s
periodic planes. The scan is performed around the zero-position of
the scanner at 10 Hz under a scanning angle of 50° in the low attrac-
tive regime with feedback gains close to zero. b: FFT spectrum of
a. The red arrow indicates the reciprocal Moiré wavelength. c: Op-
tical picture of the TBG probed for a. Orientation of straight edges
is indicated by dashed lines and a corresponding angle as measured
with respect to the horizontal.
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Figure 4.10 a shows AFM-measured friction from the surface of
a TBG. Several hours of pre-scanning are advisable to stabilize the
AFM setup; room temperature is kept constant via air-conditioning.
As a result, features with periodic repetition on the 10 nm-scale are
resolved in three orientations as indicated by yellow lines (note that
long-range fluctuations on the 50 nm-scale reflect the roughness of
the underlying SiO2-substrate). A corresponding trigonal lattice is
confirmed in the fast Fourier transform (FFT) depicted in panel b.
The reciprocal lattice vector (i.e. the inverse between subsequent line
features in panel a) measures R–1 = 132 µm–1 as indicated by the
red arrow in panel b. The wavelength of the underlying trigonal
lattice follows from λ = 2√

3R–1 as λM ∼ 9 nm. From eq. 2.5, the
twist angle may be calculated, yielding θ ∼ 1.6°.

As a proof of principle for the above described estimation method,
interlayer twist is correspondingly found from fig. 4.10 c and eq. 4.1
as θ = 1° ± 1 depending on the reference sample edge (black lines,
fig. 4.10 c), which is in agreement with the accurate Moiré pattern
deduction.

By the above described methods, twist angles were determined
for a number of 30 TBG samples. Results are summarized in a his-
togram of occurrence in θ, distinguishing between folded structures
involving zero, one and two tears respectively (fig.4.11): Apparently,
zero-rip structures exclusively favor configurations at low interlayer
twist; one-rip structures are evenly distributed with a minor incli-
nation towards small rotational mismatch; two-rip structures are
preferentially found at large θ with scattered occurrence in the low
and intermediate angular range.

Regarded as a whole, the here determined angular distribution
interestingly resembles the ones found in CVD-grown TBG[24, 140]
as shown in fig. 4.1.
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Figure 4.11 a: Histogram of occurrence in rotational mismatch.
Contributions from folds created at zero tears and grown at one or
two rips respectively are color coded according to the legend in the
picture.

It follows separate consideration according to the folded geometry:

Accumulation in interlayer twist at small angles, as found for the
flipped-over structures created in the exfoliation process, is also re-
ported for TBG and folded graphene fewlayers prepared by random
mechanical stimulation via ultrasound in liquid suspension[142]. The
distribution is explained by achievement of energetically favorable
AB-stacking in folding around an armchair or zigzag axis respec-
tively; apparently other configurations are likely to detach under
continuous excitation. As the mechanical stimulus during exfolia-
tion will also be unselective with respect to the cleaved graphite´s
crystallographic orientation as well as distinction between already
folded and flat fragments, the drawing of a parallel seems to be
justified: Mechanical exfoliation randomly folds and unfolds flakes
on the tape; strongly bound small-angle TBG configurations stay
adhered together and may be found among the exfoliation yield.
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4.2 Morphology of Twisted Graphene Bilayers

Structures prepared via AFM-induced growth require special con-
sideration:

A notable preference of twist angles above ∼ 20° stands out in the
case of two-rip structures (yellow, fig. 4.11).

Note that the underlying reason is unlikely to be found in selec-
tively directed mechanical stimulus as application of cuts via AFM
nanoindentation, which is the predominant initiator behind two-rip
folds (see fig. 4.3 b), was conducted in an arbitrary fashion with re-
spect to lattice orientation. Furthermore, directions of an applied
cut and growth of initiated TBG areas are not strictly correlated as
evident e.g. from fig. 4.2 c.

Instead, the proposed mechanism of growth[17] (fig.4.7 and discus-
sion) may be influenced by anisotropic factors: Expansion of TBG
areas under certain rotational mismatch may thus be energetically
favored, while growth at other particular θ would be terminated at
an early stage, placing correspondingly small folded structures under
the radar of observation.

The distinguishing factor may in fact be found in interlayer com-
mensuration: As mentioned in sec. 4.1, two-rip structures examined
in ref.[17] have been demonstrated to exhibit incommensurate stack-
ing configuration, which was argued to enable dissipation-less sliding
growth in the first place. Here examined two-rip structures resem-
ble the ones from ref.[17] in preparatory origin as well as geometric
shape; assumption of a further common trait in the lack of commen-
surability thus seems justified. It is therefore tempting to speculate,
that the accumulation of two-rip structures in large twist angles
is favored by the low density of commensurate structures around
21.787° and 27.796° (fig. 2.9, (n, r) = (1, 1) and (n, r) = (3, 2)). At
smaller interlayer twist, commensurate structures are more dense;
small deviations in growth direction (as e.g. observed in fig. 4.5) are
here of potential to shift the TBG into commensurate lock, thereby
disabling superlubric sliding for further growth.
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4 Structural Studies on Twisted Bilayer Graphene

The observed accumulation in large rotational mismatch is there-
fore likely related to the available parameter space devoid of com-
mensurate configuration, enabling free extension of the according
incommensurate two-rip structures.

One-rip structures in contrast, appear scattered across the entire
angular range, with a slight preference towards the smallest rota-
tional mismatch (blue, fig. 4.11).

In the previous section 4.1, folds evolving at the creation of one
rip were proposed to grow under rotation due to different energetic
situations at the native sample edge and the newly created torn edge
(fig.4.6). Therefore, the fold is bound to pass through commensurate
twist angles during rotating expansion; in such a case, friction can be
expected to suddenly increase, which will lock the one-rip fold into a
commensurate configuration. Assumption of a small commensurate
period λC and thus higher spatial density of atomic overlap can
herein be expected most effective.

As it turns out, all of the examined one-rip structures may in
fact be assigned to a commensurate angle of low wavelength λC:
Figure 4.12 shows commensurate structures in a parameter space
window of twist angle θ and wavelength λC; only the lowest two
generations of commensuration (i.e. the one on the Moiré curve at
r = 1, and the

√
3-times larger one at r = 3) are required to find

matches (yellow dots) for the angles of rotational mismatch as ex-
tracted for the examined one-rip structures (red dots). Note that
at lower twist angle as shaded by the green area in fig. 4.12, com-
mensurate configurations grow increasingly dense in θ which leads
to inevitable match at the smallest possible wavelength defined by
the Moiré equation (gray line). To reduce the range in λC for a
better resolution at small values, according low-angle structures are
therefore omitted from the assignment.
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Figure 4.12 Assignment of twist angles in one-rip structures to
commensurate configurations: Gray and yellow dots indicate wave-
length λC vs. rotational mismatch θ for the entirety of commen-
surate structures (identified via index pairs (n, r)) within the de-
picted parameter window; matches to measured angles (red dots)
are marked in yellow. In the shaded green range, availability of
matches in the first period of r (lower gray line) is inevitable due
to the increasing density of commensurate structures in low θ; ac-
cordingly redundant illustration of angular assignment is therefore
desisted from.

Assignability of twist angles found in folds grown at one rip to
commensurate structures from the first generations (index r = 1,
r = 3; compare eq. 2.9a), may thus be seen as validation for the
above proposed mechanism of growth termination through locking
into commensurate configuration.

Though being limited by the resolution in twist angles, the above
findings promote the model developed in sec. 4.1:
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4 Structural Studies on Twisted Bilayer Graphene

The assumption of sliding as well as termination of growth at in-
commensurate interlayer arrangement is sustained for two-rip struc-
tures which are mainly found at large interlayer twist, where density
in commensurate structures is low.

All of the observed one-rip folds in contrast can be assigned to
small-angle commensurate stacking configurations based on their
interlayer twist. This strengthens the proposed scenario of growth
under rotation (fig.4.6) and termination of sliding expansion in com-
mensurate lock.

Mechanically stimulated flip-over as mechanism behind zero-rip
structures from exfoliation is found to stabilize at small interlayer
twist only. This is ascribed to there found most stable stacking
configurations which are least likely to be ripped apart by further
random mechanical stimulus.
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4.2 Morphology of Twisted Graphene Bilayers

4.2.2 Interlayer Distance

The variation in stacking configuration between TBG of different
interlayer twist θ can be expected to impact interlayer distance ∆h:

At small θ, ∆h is modulated in various degrees of corrugation as
theoretically predicted and confirmed in experimental study[56, 58];
furthermore, unison out-of-plane distortions in both top and bottom
layer over as much as 1.8 Å have been found in recent simulations[63]
(see sec. 2.1.4).

At larger rotational mismatch of θ & 10°, corrugation ampli-
tudes become significantly smaller due to the declining Moiré wave-
length[53, 56, 58]. Resulting planar equilibrium is comparatively
little explored: There are reports on measured TBG interlayer dis-
tances from 3.4 Å to 4.1 Å[1, 97] corresponding to an elevation of
up to ∼ 0.7 Å with respect to ∆hAB=3.35 Å known from Bernal-
stacking. Moreover, ref.[17] measures a fold grown in a graphene
trilayer at ∼ 1.5 nm above the underlying sample plane, which corre-
sponds to as much as 4.5 Å in addition to its thickness of
3×∆hAB = 1.05 nm in AB-stacking. The above findings are not
evaluated or put into systematic context (e.g. with interlayer twist)
however.

Similarly, theoretical predictions for the planar ∆h are scarce,
where calculations for interlayer interaction energy Eint appear con-
tradictory: A virtually θ-independent Eint was found, based on
Lennard-Jones interaction between lattice atoms[55]. Density func-
tional theory calculations predict a monotonous decrease of Eint over
θ on the order of ∼ 1 meV/atom[22, 53]. While none of the former
references find more than ∼ 0.3 Å in variation of ∆h, a larger span
of up to 1 Å is found via sophisticated quantum chemistry methods
under consideration of complex p-orbital interaction [54].

In light of this ambivalence, systematical investigation of ∆h is
called for; according experimental data are presented in the following.
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4 Structural Studies on Twisted Bilayer Graphene

Here, AFM topography of TBG and surrounding MLG is recorded,
taking special care to minimize crosstalk artifacts (sec. 3.3.3). Data
are leveled via a polynomial planefit to substrate or MLG, thereby
accounting for a possible tilt in the mounted sample and potential
bow in the scanner (sec. 3.3.1).

A histogram of occurrence in relative height is then built over the
topography data as shown in fig. 4.13. Contributions of substrate,
MLG and TBG are identified in Gaussian distributions, the sum of
which is fit to the histogram. Interlayer distance ∆h is calculated as
the difference between maxima in TBG- and MLG-distribution; the
error is estimated from the sum of corresponding fitting uncertainties
which exceeds crosstalk-related inaccuracies in the majority of cases.
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Figure 4.13 a: AFM topography of TBG (bright orange triangle)
folded out of monolayer graphene (dark orange) on a SiO2-substrate
(dark brown) The white square marks the area of evaluation for b.
Colorscale spans 2 nm in height. b: Gray dots: Histogram of pixel
frequency in dependence on relative height within the white square
in a. Black line is the sum of three Gaussian distributions fit to the
data. Colored lines are three summands according to the legend in
the picture. Interlayer distance is indicated in blue.

Results are plotted in fig. 4.14 as ∆h vs. interlayer twist angle θ.
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4.2 Morphology of Twisted Graphene Bilayers

The blue line marks ∆hAB as measured from a terrace in single crys-
tal (SC) bilayer graphene and apparently defines the lower border of
∆h in TBG. This is in accordance with expectation, as AB-stacking
constitutes the energetic optimum of interlayer configurations[22,
53–55].
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Figure 4.14 Interlayer distance ∆h(AB) extracted from AFM topog-
raphy measurements. Blue line indicates ∆hAB from a SC-bilayer
(experimental uncertainty in width of line); blue dots are data for
TBG, plotted in dependence on interlayer twist. Three regimes can
be discerned and are marked by red (small θ), brown (intermediate
θ) and orange (large θ) backdrops. The orange line is a sinusodial
fit to large-angle data serving as guide to the eyes.

Above the minimum of ∆hAB, measured interlayer distance evolves
over as much as ∼ 3 Å, which is discussed in the following for the
regimes of small (0° to 3°), intermediate (3° to 10°), and large θ.

At the smallest interlayer twist, ∆h appears scattered over a wide
range as marked by the red ellipsis in fig. 4.14. Here, a subset of
data may in fact be AB-stacked within the corresponding ranges of
uncertainty, which would account for the lowest of measured ∆h.
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4 Structural Studies on Twisted Bilayer Graphene

The emergence of large and intermediate measured values may
be understood taking into account the finite sharpness of AFM-tips.
Between a scanning probe with tip radius of curvature rtip and Moiré
pattern corrugation of wavelength λM, three scenarios may be envi-
sioned:

• At rtip � λM, the scanning probe accurately traces the cor-
rugated topography. Lateral resolution of the employed setup
is limited by thermal fluctuation and drift however, which will
lead to effective averaging over minima and maxima on a scale
of 10 nm.

• At rtip � λM, the AFM-tip does not penetrate corrugation
valleys; measurements in close contact will largely reflect cor-
rugation maxima which is interpreted as large planar ∆h.

• At rtip ≈ λM, the tip will partly follow corrugation as depicted
in fig. 4.15. Between thusly underestimated minima and cor-
rugation maxima, thermal averaging applies like in point one.

rtip ∆ m

Figure 4.15 Schematic of an AFM scanning probe with tip radius
of curvature rtip tracing a corrugated surface (brown) of wavelength
λ. Red line indicates effective height as sensed by a tip of rtip ≈ λ.
Note that the vertical dimension is exaggerated for clarity.
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4.2 Morphology of Twisted Graphene Bilayers

In the here investigated cases, rtip lies at rtip . 10 nm, which is
close to the Moiré wavelength in the center of the discussed small-
angle range (λM = 10 nm at 1.4°). At a given corrugation amplitude
∆m, measured height may therefore take on values between ∼ 1

2∆m
and ∆m above a minimal interlayer distance, depending on the in-
terplay between tip sharpness and the exact λM, which explains the
observed scattering between 0° and 3°.

At larger angles, the second of above listed scenarios will apply
for all TBG structures, as λM � rtip; expected planar heights are
∆hAB + ∆m. The brown triangle in fig. 4.14 marks the range of
corrugation amplitudes found via STM in refs.[56, 58] (summarized
in fig. 2.15). Added to the minimal line of ∆hAB, good congruence
to here measured interlayer distance is found.

In summary for the corrugation-dominated regime at twist angles
below ∼ 10°, measured ∆h are explained by the interplay between
AFM-tip and Moiré wavelength λM. Assuming that corrugation
minima take on Bernal-stacked interlayer distance (justified due to
close approximation of AB-stacking in corresponding areas as il-
lustrated in fig. 2.14), good congruence to corrugation data from
STM-studies is found.

At large rotational mismatch, interlayer distance displays oscillat-
ing behavior with a pronounced dip around 24°, where ∆h ≈ ∆hAB
(fig. 4.14). Maximal values of ∼ 6 Å and ∼ 5 Å are assumed around
15° and 30° respectively.

The observed range in ∆h is within limits of reported examples
[1, 17, 97] as summarized in the beginning of this section. Due to
the lack of consentaneous theoretical prediction for planar interlayer
interaction however, the mechanism behind the presented experi-
mental findings on θ-dependence can only be speculated on:
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As evident from fig. 2.9, the angular range around 21.787° (to a
lesser degree also 27.796°) clearly takes a prominent place in the
parameter space of interlayer configuration, as it exhibits an excep-
tionally low density of commensurate structures. In sec. 4.2.1, this
was associated with preferred occurrence of two-rip folds at large
rotational mismatch.

Secondly, focusing on commensuration rather than a lack thereof,
experimental relevance of the commensurate structure at θ=21.787°,
close to the observed minimum in ∆h, was recently demonstrated in
transport through rotatable inter-graphitic junctions: A sharp dip in
angle-dependent resistance is explained via superior atomic overlap
in the corresponding (r , n) = (1, 1)-structure[30, 49].

In light of the above considerations it is therefore tempting to
relate the discussed evolution of ∆h in large θ to the commensurate
parameter space.

As all of the structures contributing to the observed dip in ∆h
are two-rip structures (fig. 4.11) and thus most likely incommensu-
rate, the second of the above points looses in relevance; it is there-
fore probably the lack of commensuration between θ=21.787° and
θ=27.796°, which defines the mechanism behind low interlayer dis-
tances in the respective angular range.

One might speculate about the role of repulsive interaction be-
tween pz -orbitals for different degrees of atomic overlap, as consid-
ered in ref.[54]. A more thorough understanding of the underlying
mechanisms should encourage further theoretical effort though.

In summary, a pronounced twist-angle dependence is found in
TBG interlayer distance as measured via AFM. Minimal values
around ∆hAB and evolution over ∼ 3 Å are observed and connected
to well studied Moiré pattern corrugation at small angles θ . 10°.
At large rotational mismatch, oscillating ∆h with a global minimum
at θ ≈ 24° are linked to the commensurate parameter space of TBG.
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4.2 Morphology of Twisted Graphene Bilayers

4.2.3 Folded Edge
The bended edge connecting top and bottom layer is an exclusive
feature in TBG produced by folding; a number of associated phe-
nomena make it a topic worth studying:

In a magnetic field perpendicular to the folded planes, the edge is
e.g. predicted to give rise to snake states[151].

In a magnetic field parallel to the edge, gathering of a phase
around the flux enclosed by the fold might lead to Aharonov–Bohm-
like interference phenomena as observed for carbon nanotubes[152].

The first part of the following segment investigates the folded
edge´s lateral extension, which has been discussed as criterion for
termination of growth in two-rip TBG structures in sec. 4.1.

Furthermore, folding of graphene gives rise to a vertical bulge due
to a finite bending stiffness, lending the edge a shape reminiscent
of carbon nanotubes[34]; further reaching parallels in the bending
radius will be revealed in the second half of the following segment.

Lateral Extension

In the first section 4.1 of this chapter, thermally activated growth
has been introduced as mechanism behind the expansion of folds in
graphene. In TBG grown at two tears, a successive narrowing of
the folded edge is herein caused by associated strain; the growth
process stops, when the energetic gain from interlayer interaction
(proportional to length ` of the folded edge) no longer exceeds the
tearing energy for extension along the two rips. This hypothesis
was confirmed by a constant termination width ` in folds grown at
equal interlayer twist[17]. For this work, a wide range of different
termination widths are found. Determination of rotational mismatch
and interlayer distance in the previous segments of this section now
allows for a correlation of ` to these central TBG parameters.
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In structures grown at two tears, both folded length ` and inter-
layer distance ∆h should be related to interlayer interaction
energy and would accordingly show correlation between each other.
Respective energetic dependencies derive as follows:

The criterion for growth termination is estimated via

` δE dx = 2δR dx, (4.2)

with dx as incremental length in the direction of TBG growth, δE as
interlayer interaction energy per unit area and δR as tearing energy
per unit length, where the factor of 2 accounts for the number of
rips to be torn. TBG expansion becomes energetically unfavorable
when the left-hand side of eq.4.2 is smaller than the right-hand side.

The interaction energy per atom Eatom follows as

Eatom(`) =
√

3δRaG
2

2 `–1 (4.3)

from solving for δE and multiplication with graphene´s unit cell area
A =

√
3

2 aG
2, divided by two (accounting for the bi-atomic basis).

The relation between ∆h and interaction energy on the other hand
may be described via the Lennard-Jones (LJ) potential. Ref.[55] uses
the expression

Eatom(d) = 4ε
((σ

d

)12
–
(σ

d

)6
)

(4.4)

for the potential between pairs of carbon atoms with separation d.
Modeling the interaction energy in a Bernal-stacked graphene bilayer
via integration over atomic sites in both layers, parameters are found
to lie around ε ≈ 2.5 meV and σ ≈ 3.37 Å[55].

In the following, the carbon-carbon potential from eq. 4.4 is taken
as qualitative measure for interaction between two sheets of graphene.
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In further simplification, the term with power law of 12 is assumed
negligible for the examined range of interlayer distance where ∆h & σ,
which leaves

Eatom(∆h) ≈ 4ε
(( σ

∆h

)6
)

, (4.5)

where the conventional minus sign is omitted. Equating eq. 4.3 with
eq. 4.5 and solving for ` finds

` ≈
√

3δRaG
2

8εσ6 ∆h6. (4.6)

Figure 4.16 plots ∆h vs. ` as found in here examined two-rip
structures. A largely monotonous trend, straight in the frame of the
chosen logarithmic scaling, complies to the above assumption of a
power-law dependence.
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Figure 4.16 Length of the folded edge ` vs. interlayer distance ∆h
for two-rip structures. The straight line is a fit of eq.4.6 to the data.
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The red line in fig.4.16 is a fit of eq.4.6 to the evolution of data, dis-
playing a reasonable agreement between estimated and experimen-
tally found correlation; the prefactor to ∆h6 is fit as∼ 7.5× 1049 m–5.

Under the assumption of δR = 2 eV Å–1[141] and with ε ≈ 2.5 meV
and σ ≈ 3.37 Å[55], eq.4.6 yields a prefactor value of ∼ 7× 1049 m–5.
The surprisingly good match to the fitting result should not be over-
estimated though, as the above described model is certainly oversim-
plified and merely designed as a rough estimation of the expected
correlation between ` and ∆h.

Note that the observed scattering of data might be connected to
different magnitudes of δR in dependence on the direction of tearing:

From geometrical consideration of the honeycomb lattice it
becomes evident, that tearing in the direction of a lattice vector a
along the zigzag-edge requires rupture of one carbon-carbon bond
per lattice constant aG, where a straight rip along the armchair
direction requires rupture of one bond per nearest-neighbor
distance bG (fig. 4.9). With the energy of a C-C σ-bond at 4.3 eV,
this corresponds to ∼ 2.8 nJ m–1 for the zigzag- and ∼ 4.9 nJ m–1 for
the armchair-direction (the above assumed value of ∼ 3.2 nJ m–1 or
2 eV Å–1 from ref.[141] considers a mixed edge).

The gray lines beneath the centered red one in fig.4.16 accordingly
illustrate evolution of eq.4.6 under variation of the fit prefactor to ∆h6

by 4.9
2.8 (upper line) and 2.8

4.9 (lower line), providing an estimation of
the maximally expected range of scattering from δR. While the
above defined range does not account for the entirety of fluctuation,
the underlying reasoning provides an explanation for the general ob-
servation of deviation beyond the range of measurement uncertainty
in ∆h (gray bars around data points, fig. 4.16).
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4.2 Morphology of Twisted Graphene Bilayers

One might further speculate that relatively large ` in small ∆h
are related to the onset of repulsive interaction as described by the
neglected term from eq.4.4 with power of 12; a hook-like dip around
∆h ≈ 3.5 Å would herein reflect the minimum in the LJ potential.
Given the limited accuracy of data and employed model though, this
remains mere speculation for the nonce.

Qualitatively, the clear correlation between ` and ∆h with general
evolution after a power law supports the validity of the proposed
growth mechanism, where the length of the folded edge ` dictates
termination of TBG expansion in dependence on the density of in-
terlayer interaction energy δE (eq. 4.2), which is related to ∆h via
vdW-interaction.

Note that the above applies to two-rip structures only; fold-growth
at one tear has been shown to likely terminate in commensurate lock
rather than in consequence of a narrowing edge (sec. 4.1, sec. 4.2.1).
One-rip structures are therefore not necessarily expected to exhibit
systematic relation between ` and δE (and in turn ∆h).

Figure 4.17 plots ∆h vs. ` as found in here examined one-rip struc-
tures; no apprent correlation is in evidence, which further stresses
the distinction between TBG grown under the creation of one and
two tears respectively.
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Figure 4.17 Length of the folded edge
` vs. interlayer distance ∆h for one-rip
structures. Data appear scattered and
contra-indicative of correlation between
folded length and interlayer distance.
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From the largely monotonous dependency between folded length `
and interlayer distance ∆h in two-rip structures, correlation between
` and twist angle θ inductively follows from the one between ∆h and
the latter as observed in sec. 4.2.2.

Indeed, the plot in fig.4.18 a suggests an oscillating behavior of the
folded length over interlayer twist, similar to the one of interlayer
distance as depicted in fig. 4.14. Due to the preferred arrangement
of two-rip structures in large angles and the limited available data
below, the behavior for θ . 20° as interpolated by the sinusodial fit is
merely a suggestion, under the additional assumption of maximal δE
(and thus minimal `, see eq.4.2) at the smallest interlayer twist[142].
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Figure 4.18 a: Length of the folded edge ` vs. interlayer twist angle
θ for two-rip structures. The transparent sinusodial curve served as
guide to the eye, suggesting a similar correlation to the one between
∆h and θ from fig. 4.14. b: Inverse length of the folded edge (small
to large from top to bottom) in large θ; straight gray lines provide
guides to the eye.
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Figure 4.18 b shows a close-up of the densely populated large-angle
range; the vertical axis scales the inverse of the folded length, which
is proportional to interlayer interaction energy δE in the frame of
eq. 4.2 (note that orientation of the axis is switched for qualitative
comparability to panel a).

This alternative depiction highlights a clearly defined dip around
25°, suggesting a corresponding minimum in interaction energy. As
argued towards the end of sec.4.2.2, this behavior is likely connected
to incommensurate stacking of the examined two-rip structures and
particular configurations of overlap between π-orbitals at the atomic
positions in the individual layers.

Thusly confirmed correlation between rotational mismatch θ and
length of the folded edge ` in two-rip structures ties together the
oscillating evolution of ∆h in θ as observed in fig.4.14 and the above
established dependency between ` and ∆h via interlayer interaction
energy density δE (fig. 4.16).

This demonstrates the consistency of the above established cor-
relations and further cements the validity of the proposed growth
mechanism[17] for folded graphene along two tears (fig. 4.7).

In summary the findings from ref.[17] are extended by investigat-
ing the central parameter of termination width ` over the whole range
of rotational mismatch θ and a wide span of interlayer distance ∆h;
based on a vdW-interaction model, ∆h is quantifiably correlated to
` as indicator of interlayer interaction energy density δE .

Moreover, the here identified class of TBG grown at one tear is fur-
ther distinguished from the two-rip structures introduced in ref.[17];
` is clearly not related to interaction energy δE (fig. 4.17). Instead,
the proposed scenario of TBG expansion under rotation (fig.4.6) and
termination in commensurate lock (fig.4.12) is further substantiated
as alternative mechanism of growth for one-rip structures.
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Vertical Extension

The cross-sectional shape of the folded edge, in the plane normal
to the bending axis, is influenced by the interplay of vdW-adhesion
between layers and bending energy in the fold. A critical adhered
length of x0 = 2.5 nm[153] is theoretically found to stabilize a folded
graphene monolayer in a racket shape with a bended portion around
5 nm[153, 154]. Similarly, ref.[151] calculates a bending radius of
r ≈ 7 Å for the cylindrical part of the edge. In general, bending
rigidity and resulting edge shapes are found to be largely isotropic.

x0
bending energy

adhesion

x1

Figure 4.19 Schematic of a folded graphene sheet with adhered (x0,
black) and bended length (x1, red). The folded shape is symmetric
in top and bottom layer in the absence of a substrate.

In contrast to the symmetric scenario depicted in fig. 4.19, the
bended shape will be affected by the bottom layer´s flat conforma-
tion to a substrate in the here examined cases. As suggested in
fig. 4.20 a the protrusion of the folded edge will show as a bump in
topography which may be quantified as elevation ∆b over the TBG
plane (in turn defined by interlayer distance ∆h). The corresponding
bending radius r , may be estimated as

r = ∆h + ∆b
2 . (4.7)
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4.2 Morphology of Twisted Graphene Bilayers

Figure 4.20 b shows AFM topography across a particularly pro-
nounced bump which protrudes about 8 Å over the TBG plane to
the right; the corresponding cross-section is plotted in orange to the
top of fig. 4.20 c. Note that other folds exhibit significantly smaller
bump heights: examples of intermediate (beige line) and low ∆b
(i.e. virtually non-existent, brown line) are shown in comparison.
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Figure 4.20 a: 3D schematic of a folded graphene sheet. Indicated
are characteristic magnitudes of interlayer distance (blue), folded
length (green) and the bend-related quantities of vertical extension
over the TBG plane (yellow) and bending radius (white). b: AFM
topography over the folded edge (bright orange) between substrate
(dark brown, left) and TBG (dark orange, right). Scalebar indicates
100 nm, colorscale spans 3 nm. c: Orange line: cross-section of to-
pography in b; the example shows the largest of measured bump
heights. Beige and brown lines: cross-sections from similar topogra-
phy at intermediate (beige) and small ∆b (brown).

Bending radii corresponding to the maximal and minimal ∆b de-
picted in fig.4.20 c are calculated via the according ∆h and eq.4.7 as
2.3 Å and 6.3 Å. Where the larger value is close to the above men-
tioned theoretical prediction of r ≈ 7 Å, the smaller significantly
deviates from calculated equilibrium.
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4 Structural Studies on Twisted Bilayer Graphene

The observed spread in bending radius between values matching
theoretical prediction and clearly decreased r poses an interesting
problem; systematic investigation in a number of folds is presented
in the following:

Note that accurate capture of the folded edge requires high res-
olution. Buckling of the AFM-cantilever at the sharp topographic
feature of ∆b furthermore leads to significant crosstalk (sec. 3.3.3);
minimization requires time-consuming slow scans. Edge measure-
ments were therefore confined to a subset of the earlier presented
TBG; to maximize comparability, only structures of two-rip geome-
try were chosen for examination.

Figure 4.21 shows a plot of the accordingly determined vertical
edge parameter r vs. lateral length of the edge `, interestingly
revealing a clear correlation: Large bending radii close to theo-
retical prediction are found in long folded edges, where a largely
monotonous decrease in r is observed towards short `. Note that,
although r depends on ∆h as well as ∆b (eq.4.7), the observed trend
is dominated by the latter as plotted in the appendix fig. A.1, which
is due to the larger span of variation (∼ 1 nm in ∆b vs. ∼ 3 Å in
∆h).
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Figure 4.21 Bending radius r vs. length of the folded edge `. An
exponential fit serves as guide to the eye.
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4.2 Morphology of Twisted Graphene Bilayers

Apparently, the third dimension parallel to the folding axis affects
the cross-sectional shape of the bended edge, substantially lowering
the bending radius for small folded lengths. Note that in theoretical
prediction, the problem is treated as purely two-dimensional, as the
considered factors of interlayer adhesion and bending energy both
scale proportionally in the direction of the folding axis. The en-
ergy associated with the torn edges of a fold as grown in the model
from ref.[17] however (see eq. 4.2) is constant and thus of increasing
potential import at decreasing folded length:

As all of the examined TBG are two-rip structures, the energy as-
sociated with the furthering of tears can be assumed constant for a
given increment of growth perpendicular to the folded edge and lies
at roughly 2× 2 eV Å–1[141]. As found in ref.[153], shortening of the
bended portion of a fold x1 (fig. 4.19, marked in red) from the opti-
mized length of 5 nm to ∼ 2.5 nm (and correspondingly halving the
bending radius) leads to an increase in bending energy of ∼ 2.5 eV
for every nanometer of folded length `. Torn at two rips from the
sample, this difference in x1 corresponds to ∼ 100 eV. Corresponding
reduction of the tearing path at the cost of a lowered bending radius
therefore yields a gain in energy for folded lengths up to 40 nm.

The above estimation demonstrates the comparability of energy
scales in bending and tearing at small `. The proposed influence of
the torn edges of a folded area on the bending radius is therefore
conceivable. The apparent saturation of r between 6 Å and 7 Å at
high ` (see exponential guide to the eye in fig. 4.21) is furthermore
in accordance with theoretical prediction in the same range, as en-
ergetic contribution from tearing will loose proportional impact at
large integration length over bending energy.

Interestingly, the observed behavior can be linked to calculations
on carbon nanotubes[155, 156], which find increasing stability for
larger tube lengths, which would render a short bended area more
prone to deformation or even rupture upon shifting in the bulk.
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4 Structural Studies on Twisted Bilayer Graphene

Furthermore a tendency to larger tube diameters for bigger systems
is predicted due to energetic struggle between strain of curvature and
number of edge atoms[155], similar to the above considerations. As
a folded edge may be seen as half a carbon nanotube, the presented
findings are qualitatively in line with the discussed predictions[155,
156].

In summary of the established findings on vertical extension of
the folded edge, bending radius r in folds grown along two tears is
demonstrated to depend on the folded length `. At large `, accor-
dance with theoretical prediction based on interlayer adhesion and
bending rigidity is found at r ≈ 7 Å. Decreasing r down to ∼ 1.7 Å
at smaller folded lengths are attributed to increasing impact of tear-
ing energy in comparison to the bending energy integrated over `.
Parallels to the predicted struggle between strain of curvature and
number of edge atoms in carbon nanotubes are pointed out, thereby
linking two important subjects in chemistry and physics.

Comparative investigation of bending radii in folds grown at one
rip as well as flipped over structures with no tear would consti-
tute an interesting extension of the presented study; a weakened
`-dependence can herein be expected for one-rip structures where,
following the model developed in the avove section, r should be virtu-
ally unaffected by the folded length in TBG prepared by mechanical
flip-over.
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4.2 Morphology of Twisted Graphene Bilayers

4.2.4 Friction on TBG
As final topic in the structural investigation of TBG, the frictional
behavior under lateral AFM-measurements is presented in the fol-
lowing. As a background, AFM-measured friction has been found to
systematically decrease with the number of layers from monolayer
graphene over single-crystal (SC) fewlayers to bulk graphite[128–
130]. Interestingly, the effect is believed to be rooted in out-of-plane
elasticity and puckering of the probed material before the AFM-
tip rather than in surface roughness[129, 157]; successive layers in
Bernal-stacking will lend the probed top layer increasing rigidity.
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Figure 4.22 a: Torsional signal from trace (top panel) and retrace
scan (bottom panel) of TBG (diagonal strip in the middle) folded
from a monolayer (top right and bottom left). Notice the sign inver-
sion of features (colorscale from b, spanning from –2 mV to 2 mV).
b: Difference between trace and retrace signals in a, divided by
two. Scalebar indicates 500 nm. c: Histogram for number of pixels
per increment of lateral photodetector signal Ulat. The sum of two
Gaussian distributions is fit to the data. Slight mismatch at large
Ulat is due to contributions from the TBG edges (b, bright yellow).
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4 Structural Studies on Twisted Bilayer Graphene

Figure 4.22 shows an example for the acquisition of frictional infor-
mation from TBG. Trace and retrace scans are recorded to account
for possible anisotropies in sensitivity of the scanning probe. Due
to the sign inversion in the torsional response at opposite scanning
orientation, the average of subpanels in fig. 4.22 a is build via sub-
traction and division by two and is depicted in panel b. Analog
to the extraction of interlayer distance information in sec. 4.2.2, the
corresponding histogram is fit by a double-Gaussian distribution to
determine the difference in frictional response on TBG and MLG.

To ensure comparability, all measurements were performed at con-
stant scanning speed of 2 µm s–1 (note the velocity-dependence in
nanoscale friction[128]) and similar normal forces. Furthermore,
TBG data presented in the following stem from folds in two neigh-
boring graphene flakes on the same substrate wafer, ensuring com-
parable influence through the latter; as in the study of ∆b, here
examined structures are moreover of two-rip geometry only.

Figure 4.23 a shows data for TBG and an AB-stacked SC-bilayer,
determined as demonstrated in fig.4.22. Notably, all measured TBG
surfaces provoke larger frictional interaction than the monolayer they
are folded onto; the Bernal-bilayer behaves as expected from the
above literature review and causes lower frictional response.

To enable more effective comparison to SC-fewlayer data[129, 130],
the here measured AB-bilayer value is scaled to the average differ-
ence between unity (monolayer value in fig. 4.23 b) and the four re-
ported AB-bilayer values (fig.4.23 b, blue bars at 2AB); TBG friction
is scaled proportionally and data are offset by one.

Results are shown as red bars in fig. 4.23 b and illustrate sub-
stantial deviation from SC-behavior in in the examined TBG: The
decreasing trend in friction over layer number is broken; addition
of one layer in twisted stacking may furthermore increase measured
friction on a scale comparable to its decrease over many layers from
monolayer to bulk graphite.
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Figure 4.23 a: As a proportional measure for friction: difference to
the monolayer value in Ulat as extracted via the steps summarized
in fig. 4.22. Frictional AFM-response on TBG exceeds the one on
monolayers which is in turn larger than on the measured SC-bilayer.
b: Red bars: Data from a, normalized and offset by 1 as described
in main text. Blue bars are data from ref.[129] (light) and ref.[130]
(dark).

Different explanations for the observed behavior may be thought
of, considering the proposed dynamic puckering[129, 157] of a probed
sheet as main source for frictional interaction:

In principal, additional out-of-plane elasticity may locally be caused
by Moiré pattern corrugation which will furthermore provide in-
creased surface area and thus heightened frictional interaction. How-
ever, there is no discernible difference in frictional response between
low- and high-angle TBG, which renders the hypothesis unlikely.

An alternative scenario focuses on interlayer interaction: Local
detachment of the twisted top layer and dynamic deformation in
response to a scraping AFM tip will effectively increase frictional re-
sponse and is conceivably exclusive to TBG due to weaker interlayer
binding with respect to Bernal-configuration.
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4 Structural Studies on Twisted Bilayer Graphene

Furthermore, the TBG as a whole is likely to be more ductile in
response to the scanning probe than its Bernal-stacked counterpart
for a combination of two factors: Firstly, bending rigidity was found
to strongly depend on interlayer sheer interaction[145]. Secondly, all
of the frictionally probed TBG are two-rip structures and likely in
incommensurate stacking[17] which is associated with superlubric-
ity[18]. Therefore, top and bottom layer will shear freely, increasing
the bilayer´s out-of-plane ductility with respect to AB-stacking and
increase frictional interaction.

A combination of locally detaching layers and superlubric interac-
tion in TBG conceivably gives rise to even higher ductility than in
a monolayer on SiO2.
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Figure 4.24 Ulat from fig. 4.23 a, plotted vs. length of the folded
edge. A decreasing trend is suggested by a linear fit serving as guide
to the eye.

The correlation presented in fig. 4.24 provides means to assess the
above hypothesis: Friction is found to decrease towards longer folded
edges.
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4.2 Morphology of Twisted Graphene Bilayers

On one hand, this is counter-intuitive: In folds grown along two
tears, a short edge indicates high interlayer interaction energy[17]
(eq.4.2), placing corresponding TBG closer to the optimized binding
in Bernal-stacked bilayers which constitute a low-friction material.

On the other hand, the folded edge is likely to stabilize relative
interlayer position and render the TBG more rigid, which applies
in the proposed model: At short `, layers sheer freely and allow for
heightened ductility in the TBG top layer and bulk, which causes
rising frictional interaction potential. At long `, layers are effectively
fixated along one edge; top and bottom layer are held rigid which
stifles the dynamic response to a scraping AFM-probe.

In summary, TBG probed via lateral force microscopy provoke
heightened frictional response in comparison to monolayers and SC-
fewlayers. The effect is linked to superlubric shearing between top
and bottom layer of the examined two-rip structures, which increases
out-of-plane elasticity in response to an AFM-tip.

TBG friction systematically decreases with length of the folded
edge; long edges are proposed to impede interlayer sliding and lower
the elastic response of the folded area, thereby lowering measured
friction.

The presented findings once more demonstrate the importance of
the bended edge in folded TBG, showing its impact in phenomena
which are intuitively assumed to be rooted in the bulk. An extension
of the presented study to one- and zero-rip structures would con-
stitute an interesting direction of further research: commensurate
stacking as presumably prevalent configuration in one-rip structures
can herein be expected to cause substantially different frictional in-
teraction profiles.
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4.3 Summary

In summary of this chapter, sec. 4.1 identifies three basic geome-
tries in TBG from folded monolayers, which are linked to distinct
mechanisms behind their creation:

Flip-over of a whole flake area without tearing of graphene is found
as byproduct of mechanical exfoliation. Ripples and wrinkles in
smaller areas of correspondingly created TBG are indicative of lo-
cal strain and suggest folding in response to external stimulus. As
demonstrated in sec. 4.2, according structures exclusively stabilize
at small interlayer twist; less stable folding configurations are likely
to be reversed in the repetitive, random exfoliation process.

Induced via AFM-scanning at elevated spring loads or selectively
invasive nanoindentation, folds preferentially tear out of graphene at
one or two rips respectively. In both geometries, a dynamic growth
behavior at speeds > 10 nm s–1 is observed. These findings are at-
tributed to a thermally activated process as proposed in ref.[17] (see
also fig. 4.7).

For structures grown at two tears, ref.[17] identifies the criterion
for termination of growth as lying in the interplay between tearing
energy and gain from interlayer adhesion integrated over the length
of the folded edge `. Here, the study is substantially extended via
correlation of ` to a number of central TBG parameters: A power-
law dependence on interlayer distance ∆h is observed and described
in a vdW-based model. Furthermore, the bending radius at the
folded interconnection between layers is found to decrease towards
shorter bended edges; in analogy to the growth termination criterion,
struggle between constant tearing energy and the bending energy,
scaling with folded length, is proposed as underlying mechanism.
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4.3 Summary

For one-rip structures, strong indicators of growth under rotation
are found. Free sliding at incommensurate interlayer configuration
and termination of growth in commensurate lock, due to the asso-
ciated rise in friction, are suggested in view of the corresponding
angular distribution.

For all folded geometries, a strong twist-angle dependence is found
in AFM-measured interlayer distance: Evolution over ∼ 3 Å above
minimal values around ∆hAB of Bernal-stacking are observed. In-
creasing apparent height at small twist angles towards 0° is at-
tributed to Moiré pattern corrugation in accordance with theoretical
prediction and prior STM studies. Between 20° and 30° of rotational
mismatch, a pronounced minimum is connected to special features in
commensurate parameter space in the corresponding angular range.

Finally, the frictional behavior on the TBG surface is measured via
AFM. Heightened interaction with respect to monolayer graphene
breaks the decreasing trend over layer number as found in SC fewlayer
graphene. The observations are linked to superlubric interlayer in-
teraction at incommensurate stacking configurations. Furthermore,
the length of the folded edge is once more found to be of decisive
import for TBG behavior: A longer edge is found to stabilize the
bulk against deformation in response to the scanning probe, thereby
lowering frictional interaction.
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5 Magnetotransport
in
Twisted Bilayer Graphene

The present chapter finally takes focus on the experimental study
of electronic structure in TBG. Magnetotransport signatures in a
number of small-angle samples are evaluated, finding evidence for
two distinct phenomena:

The electronic merging of the individual layers´ Dirac cones in
dependence on energy and magnetic field is presented in sec. 5.1.
Probing at small Fermi energies reveals decoupled monolayer disper-
sions in top and bottom layer; significant electron-hole asymmetries
as well as highly detuned energetic offsets between layers are exam-
ined. Transition to a Berry phase of 2π at constant Fermi velocity
reveals a novel coupled bilayer system at high energy and magnetic
field.

In sec. 5.2, satellite Landau fans in longitudinal resistance are
found to originate in high charge carrier concentrations for a number
of small-angle TBG samples. The findings are discussed in the sce-
nario of electronic backfolding into the superlattice mini-Brillouin
zone, connected with the filling of the lowest mini-band; further-
more, the alternative coupling scenario between Dirac cones of equal
helicity from ref.[10] (sec.2.2.2) is considered as possible explanation
for the additional signatures of Dirac singularities in the transport
measurements.
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5.1 Berry Phase Transition in a Twisted
Graphene Bilayer

The present section investigates the magnetotransport behavior of a
small-angle TBG sample created as byproduct of mechanical exfoli-
ation. Parts of the following discussions are published in ref.[45].

An overview on sample parameters like rotational mismatch, in-
terlayer distance and electrical contact scheme is presented in the
first subsection.

Transport properties are then analyzed, starting at low Fermi
energies: Contributions from two monolayers are identified and an-
alyzed in terms of corresponding charge carrier concentrations and
Fermi velocity. A model for screening of backgate influence accounts
for layer asymmetries; the role of electron-hole asymmetries is dis-
cussed.

Quantization of a single coupled system is found at high Fermi
energy. A transition in Berry phase to the Bernal-stacked value of
2π is observed at the persistence of a linear dispersion, which is in ac-
cordance with theory[19, 20] and constitutes a significant extension
to previous experimental findings[92]. A magnetic-field dependence
in transition is discussed with respect to the above-mentioned layer
asymmetries.

Conflicting theoretical predictions and alternative experimental
findings in TBG of similar interlayer twist are finally discussed with
respect to superlattice corrugation and substrate-dependence.

5.1.1 Sample Properties
The flake was selected via optical microscopy and etched as well
as contacted after the description in chap. 3. Figure 5.1 a,b shows
optical pictures before and after processing; in panel b, the etched
sample structure is colored in brown of different shades according to
the local graphene configuration.
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Figure 5.1 a: Optical picture of the unprocessed flake: a large SC-
bilayer area is found to the bottom left, the fold originates from the
monolayer area to the top right and covers monolayer and AB-bilayer
alike, thereby creating TBG and ”twisted trilayer” graphene (TTG).
The edge to the right is curved and, to the bottom, scrolled into
a bulb by multiple subsequent folds. Yellow lines indicate possible
armchair- or zigzag directions. b: Same area as in a after processing.
For clarity, the etched graphene sample is colored in brown. The
darker shade of gray in the plasma-etched bilayer region is due to
scattered residues as confirmed in AFM-probing and can be assumed
electrically passive. Red dots mark the contacts used for sourcing of
current in the here examined measurements of voltage drop between
contacts marked by blue dots. The white line between upper red
and blue dots indicates position of MLG-TBG-step measured in c.
c: AFM-topography over the step between monolayer graphene and
TBG. The coordinate system to the bottom provides orientation
with respect to the optical pictures (compare bottom left in a). d:
Histogram of pixel count per increment of relative height in c. The
sum of two Gaussian distributions is fit to the data.
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All transport data presented in the following are recorded as volt-
age drop between the contacts marked in blue at a current sourced
through contacts marked in red (fig. 5.1 b). Panel c depicts AFM-
topography recorded over the step between monolayer and folded
region. The double-Gaussian fit to the corresponding histogram in
panel d reveals an interlayer distance of 6.2 Å± 0.2 Å.

a

10 nm
x

y

b

10 nm

Figure 5.2 a: AFM resolution in lateral force mode of the Moiré
superstructure in the area of the topography scan shown in fig.5.1 c;
the coordinate system to the bottom provides means of comparative
orientation. Parameters are similar to the ones described in the
context of fig. 4.10. An overlain honeycomb pattern clarifies the
resolved structure of λM ≈ 5.7 nm corresponding to a twist angle
of θ ≈ 2.5°. b: Schematic of a TBG structure of 2.5° rotational
mismatch; the armchair direction of the bottom layer is aligned to
the prevalent edge direction found in fig. 5.1 a., closely reproducing
the orientation of the resolved superstructure in a.
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Due to the lack of straight definition in the folded edge on a longer
scale, estimation of rotational mismatch via sample geometry proves
difficult in the present case. However, the TBG exhibits a long-
wavelength Moiré superstructure which has been resolved via friction
force microscopy at the parameters introduced in sec.4.2.1 and is de-
picted in fig.5.2 a. A honeycomb frame is manually fit to the pattern
and confirms a trigonal lattice of wavelength λM = 5.7 nm± 0.2 nm.
Uncertainty stems from slight anisotropy in the scanned features´
dimension; this may be due to mild strain between lattices[158] but
could also be explained via thermal drift in the measurement setup.
Via eq. 2.5, the twist angle follows as θ = 2.5°± 0.1° which puts the
examined TBG structure in a range of potentially highly complex
low-energy dispersion.

Note that under the assumption, that the marked edges in fig.5.1 a
are indicating symmetry directions of the lattice, the resolved
superstructure´s orientation is accurately reproduced in an accord-
ing schematic (fig. 5.2) and even allows for identification of the cor-
responding edges as armchair-like.

5.1.2 Low Fermi Energy

The following pages focus on magnetotransport signatures in the
above presented sample. The present subsection begins with mea-
surements at low Fermi energy, recorded over a span of 30 V in back-
gate voltage UBG, which corresponds to a range of ∼ 2× 1016 m–2

in charge carrier concentration n (see sec. 3.4 for conversion).
All here presented measurements have been recorded at a tem-

perature of 1.5 K, unless stated otherwise. At a DC source current
of 500 nA, voltage drop is detected in four-probe configuration as
indicated in fig. 5.1 b. Conversion to resistance follows via Ohm´s
law.
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Figure 5.3 shows according data. As evident from panel a, resis-
tance is largely symmetric in magnetic field (see also fig. A.2) which
indicates homogeneity and absence of pn-junctions in the probed
sample area[125]. In backgate bias however, the data show clear
deviations from the symmetric Landau fan picture as would be ex-
pected for longitudinal magnetoresistance in gated mono- or bilayer
graphene (sec.2.3.2): Features of quantization exhibit a curved slope
in the map over UBG and B. In combination with the differential
resistance in panel b moreover, converse evolution of Landau levels
becomes evident as suggested by the dotted lines in both panels.
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Figure 5.3 a: Resistance in dependence on backgate voltage UBG
and magnetic field B. Colored lines indicate two directions of feature
evolution in the resistance map. The black scalebar indicates a span
of 5× 1015 m–2 in n, as induced via the backgate; colorscale to the
top goes from 10 kW to 45 kW. b: Derivative dR/dB of a; colored
lines and black scalebar indicate the same. Colorscale goes from
–0.5 kWT–1 to 4.5 kWT–1.

The latter observation is indicative of two CNPs in the system; this
is either rooted in decoupled dispersions, offset in energy (sec.2.3.1),
or the filling of superlattice mini-bands (sec. 2.2.3).
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The observed curving of LL evolution however indicates dynamic
screening of charge in the corresponding systems, which strengthens
the assumption of decoupled layers over the backfolding scenario.

Figure 5.4 provides a more quantitative evaluation of the data.
Assuming superposition of resistance contributions from decoupled
top and bottom layer, a cross-section of data from fig. 5.3 is plotted
vs. inverse magnetic field and fit by the following equation:

R =
2∑

j=0
RjB(j) +

2∑
i=1

Ai cos
(

2π
∆B–1

i
B–1 + π + β

)
exp

(
–diB–1

)
.

(5.1)
The polynomial in B accounts for a background resistance[159].

The summands in i describe SdH-oscillations according to eq. 2.35;
the Berry phase is constrained to β = π, accounting for monolayer-
like low-energy dispersions (sec. 2.2.2).
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Figure 5.4 a: Green dots: Resistance vs. inverse magnetic field
for a backgate voltage of UBG=41.8 V. Black line: Fit according to
eq. 5.1. b: Two cosine contributions from the sum over i in eq. 5.1.
Transparent bars mark increments of ∆ν = 2 in both oscillations
according to color code. c: Charge carrier concentrations in depen-
dence on UBG, derived from oscillation frequencies via eq. 2.36.
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A good fit of eq. 5.1 to the TBG resistance data confirms the
validity of the hypothesis of two decoupled monolayers conducting
in parallel (substracted positive polynomial background resistance
of a span comparable to the oscillation amplitudes is depicted in the
appendix fig. A.3).

The individual layers´ carrier densities are extracted from the fre-
quency of SdH-oscillations in B–1 under the assumption of fourfold
degeneracy (eq. 2.36) and depicted in fig. 5.4 c. The different slopes
and origins in UBG reflect the initial observations on LL-evolution
in fig. 5.3. In the examined range, the backgate efficiently induces
electrons into layer 1, where the hole-charge in layer 2 shows much
lower response to UBG; the individual layer´s CNPs are lying to
opposite ends of the examined energetic range.

-2

0

2

0.40.20.0
B-1 (T-1)

2

0

-2

∆R
 (k

Ω
) 3

2

1

840

1.5 K 15 K 28 K 35 K 55 K
T·B-1 (KT-1)

layer 1

∆R
 (k

Ω
)

a b c

0.40.20.0

∆R
 (k

Ω
)

B-1 (T-1)

ν=4ν=2

layer 2

Figure 5.5 a: Resistance oscillation and fit from fig. 5.4 a (after
removal of background resistances) in dependence on tempera-
ture according to the legend in the bottom. b: Extracted SdH-
contributions from both layers to oscillations in a. c: Fits of eq.2.38
to temperature-dependent resistance values from b at filling factor
ν=4 (layer 1, blue) and ν=2 (layer 2, yellow).
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To extract further information about the underlying dispersions,
temperature-dependent transport behavior is investigated: As illus-
trated in fig. 5.5, oscillation amplitudes decline towards higher tem-
peratures in both layers as qualitatively expected; quantitative be-
havior holds information about effective charge carrier mass. The
resistances´ temperature dependence at filling factors ν = 4 (maxi-
mum, layer 1) and ν = 2 (minimum, layer 2) respectively is extracted
from fig.5.5 b, plotted vs. the composite variable of inverse magnetic
field times temperature and fit by eq. 2.38 as depicted in fig. 5.5 c.

Effective masses m∗ from the above described fitting procedures
are determined for a range of UBG and depicted in the appendix
fig. A.4. Corresponding Fermi velocities vF are depicted in fig. 5.6
and follow from m∗ via eq. 2.39 and the charge carrier density n.
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Figure 5.6 Fermi velocities for layers 1 (blue) and 2 (yellow); er-
ror bars stem from fitting uncertainty in the parameter m∗ (see
fig. 5.5 c and eq. 2.38). Both layers exhibit clearly reduced ṽF (com-
pare theoretical native value at dashed gray line) centering around
0.69× 106 m s–1 and 0.38× 106 m s–1 respectively.
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Evidently, both layers display reduced Fermi velocities with∼ 69 %
and ∼ 38 % of the monolayer value vF = 1× 106 m s–1 respectively.
Such a reduction is theoretically expected: with the commonly found
hopping energy of tθ = 0.1 eV, eq. 2.22 yields ∼ 62 % of vF for the
examined sample´s twist angle of 2.5°: This is close to the situation
in layer 1; lower ṽF in layer 2 and corresponding asymmetry between
layers may have two different causes:

Firstly, the Fermi velocity vF in MLG has been shown to signifi-
cantly depend on the used substrate[160]; layer asymmetry may thus
be given through the different environment of top and bottom layer:
the former is lying on top of the latter which thus effectively acts
as graphene substrate, where the latter in turn senses the graphene
top layer and is under the added influence of the underlying SiO2-
substrate.

In praxis, screening of electron-electron interaction by impurities
will significantly lessen the theoretically expected severity of the ef-
fect though[160, 161]. As discussed in ref.[78] moreover, slowdown
of carrier velocity due to electron-phonon interactions in contact to
a substrate is strongly suppressed in the presence of electronic cou-
pling in multilayer systems.

A more likely explanation is therefore found in electron-hole asym-
metry: ṽFe > ṽFh has been observed in STM[78] and transport
studies[80] on TBG; as the above carrier velocities correspond to
electrons in layer 1 and holes in layer 2 (see figs. 5.4 c and 5.8 b), the
findings are in qualitative accord with the named references.

To combine thus far acquired data into a comprehensive picture of
the examined TBG system, the screening model from sec. 2.3.1 shall
be applied to the here examined sample. As the extracted charge
carrier concentrations (fig. 5.4 c) suggest significant energetic offset
between layers, an additional feature is implemented as motivated
and described by means of fig. 5.7 in the following:
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Figure 5.7 Schematic of the low-energy TBG dispersion under
interlayer bias. Reciprocal-space axis is scaled by the magnitude of
rotational displacement ∆K between Dirac points of bottom (blue)
and top layer (yellow). Dashed lines indicate dispersions in the ab-
sence, solid lines in the presence of interlayer coupling tθ (red arrow).
Position of crossing bands is shifted away from midpoint between
Dirac points (k = 0) by an amount of dK (gray bars). Effective
reciprocal distances ∆K1,2 for the estimation of layer-specific ṽF are
indicated as green arrows to the top of the figure.

The separation between a given Dirac point and crossing of disper-
sions in the absence of coupling scales proportionally in energy and
momentum via the slope of bands i.e. native Fermi velocity. A finite
interlayer hopping lowers the bands by a constant energetic amount
of tθ though, which should lead to a disproportionally larger effect in
Fermi velocity renormalization when the Dirac point is closer to the
crossing (as applies to the conduction band of the top and valence
band of the bottom layer in the example of fig. 5.7).
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5 Magnetotransport in Twisted Bilayer Graphene

The quantitative behavior of the described effect may be estimated
via the definition of rescaled effective magnitudes of displacement
∆K1,2: Due the the energetic offset, crossing between individual
layers´ Dirac cones in k-space is shifted away from midpoint between
rotationally displaced K -points by an amount of dK , as illustrated
in fig.5.7. Measured from a given Dirac point, crossing of dispersions
takes place at ∆K/2 ± dK ; an effective magnitude of displacement
is therefore given by

∆K1,2 = ∆K ± 2dK ,

as indicated by green arrows to the top of fig. 5.7. According values
are fed into the equation for reduction in Fermi velocity (eq. 2.22)
which is thereby rendered specific to the individual layer as well as
carrier polarity. Corresponding dynamic adjustment of ṽF is imple-
mented in the screening model from sec. 2.3.1, which may now be fit
to the extracted data sets of top and bottom layers´ Fermi velocity
and carrier concentration.

A fixed parameter is herein given by rotational mismatch which
is known as 2.5° from Moiré pattern resolution. Furthermore, and
based on the above discussion on asymmetry in Fermi velocity, the
native value vF is assumed layer-symmetric and fixed at 1× 106 m s–1

which is typical for graphene on SiO2[161].
Interlayer distance is held flexible, as the measured value of

∆h=6.2 Å is likely reflecting a corrugated morphology (see sec. 2.1.4
and sec. 4.2.2) and effective ∆heff in interlayer capacitance can ac-
cordingly be expected to deviate. Further fitting parameters are tθ

e,h
which account for electron-hole asymmetric reduction in Fermi ve-
locity; the parameter of doping charge δn sensitively determines the
offset between individual layers´ CNPs in backgate voltage. Finally,
∆U adjusts the overall offset of features in UBG.
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Figure 5.8 shows calculations via the screening model as fit to data
from fig. 5.6 (black bars in panel a) and fig. 5.4 c (dots in panel b)
with the optimized set of parameters listed in tab. 5.1.
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Figure 5.8 Fits of the extended screening model to TBG data;
fixed parameters are θ=2.5° and vF=1× 106 m s–1, fit parameters
are listed in tab.5.1. a: Fits to Fermi velocities: bold black line seg-
ments indicate average velocities in bottom (higher) and top (lower)
layer from fig. 5.6. Solid lines are fit evolutions of ṽF in the carrier
polarity hosting Fermi energy (notice the switch between conduction
band [cb] and valence band [vb] at the bottom layer´s UCNP ≈ 25 V
and the top layer´s UCNP ≈ 85 V); dashed lines model the opposite
carrier polarity. b: Lines: fits to the charge carrier densities ex-
tracted from frequency of SdH-oscillations (dots) in bottom (blue)
and top layer (yellow).
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Fermi velocities as well as offset in gate voltage and curved evo-
lution of carrier densities are nicely reproduced with the parameters
listed in tab. 5.1.

tθ
e (eV) tθ

h (eV) δn (m–2) U∆ (V) ∆h (Å)
0.108 0.154 –7.3× 1015 10.5 10

Table 5.1: Fitting parameters in the extended screening model as
applied in fig. 5.8.

Note that the number of digits in tθ
e,h reflects correspondingly

high sensitivity in calculated ṽF at an inflexible vF. Variation of the
native Fermi velocity by ±0.05× 106 m s–1 around the fixed value
of vF=1× 106 m s–1 is found to be compensated by ∼ ±0.01 eV in
both polarities´s hopping parameter tθ, thus establishing a realistic
assessment of accuracy.

The value of tθ
e ≈ 0.11 eV compares well to the most typically

found magnitudes of interlayer hopping. Its counterpart of
tθ
h ≈ 0.15 eV on the valence-band side lies at the upper border of a re-

cently reported range of hopping energies[44]; the origin of different
tθ is likely to be found in the morphology of sample and substrate
(see also ref.[44]).

A relatively small offset voltage of U∆ ≈ 10 V suggests largely
symmetric doping around δn ≈ –7× 1015 m–2 in each layer (note
that dispersion is layer-symmetric at UBG = U∆; compare sec.2.3.1).

On one hand this may simply be due to processing chemicals. In
this case however, the doping concentration would be quite high in
comparison to similarly produced TBG. Furthermore, the top layer
can generally be expected to suffer disproportionally more from ex-
posure to PMMA and processing solvents, where the covered bottom
layer is mostly protected; this is in discord with the discussed indi-
cation for layer-symmetric doping.
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5.1 Berry Phase Transition in a Twisted Graphene Bilayer

Alternatively, an intrinsic offset in Fermi energy has been con-
nected to electron-hole asymmetry in TBG[8]. From eq. 2.15 and
with ṽF ≈ 0.1× 106 m s–1 at UBG ≈ 10 V (as extrapolated in the
screening model), the corresponding shift in Fermi level is estimated
as ∼ 0.01 eV which lies well within the range of prediction for tur-
bostratic graphite[162].

Interestingly, the effective interlayer distance of ∆heff ≈ 10 Å is
much larger than the measured one at 6.2 Å. Calculations for the
effective capacitance of a corrugated double-layer system are com-
plicated; the exact shape of interlayer distance modulations is un-
known. A possible range of effective ∆heff is therefore determined
from consideration of extreme cases:

• The least possible layer separation is generally defined by the
Bernal-stacked value of ∆hAB = 3.35 Å and potentially given
at corrugation minima.

• As argued in sec. 2.1.4, corrugation may symmetrically take
shape in top and bottom layer alike; in this scenario, maximal
interlayer distance is given by 2 · 6.2 Å – ∆hAB = 9.05 Å (see
illustration in fig. 5.9).

∆h=3.35 ∆h=6.2∆h=9.05

top layer

bottom layer

substrate

Figure 5.9 Symmetrically
corrugated TBG. Minimal in-
terlayer distance (red) is found
between corrugation dips, mea-
sured ∆h is indicated in black,
maximal layer separation be-
tween corrugation peaks is in-
dicated in blue.
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The correspondingly established morphological maximum around
9 Å is only slightly below the above found ∆heff ≈ 10 Å from fits to
the electrical measurements. Note that an even larger discrepancy
between ∆heff ≈ 1.5 nm and ∆hAFM ≈ 6 Å was found in ref.[15]
for another TBG on a SiO2 substrate, although the accuracy of the
according AFM topography measurements may have been limited.

For a TBG device encapsulated in hBN on the other hand, inter-
layer capacitance indicated significantly lower effective heights[97],
which fits the suggested dampening effect of the corresponding sub-
strate environment on lattice corrugation, as discussed towards the
end of sec. 2.1.4.

With this, the low-energy range between ∼ UBG = 20 V and
∼ UBG = 50 V has been characterized:

Two superposed SdH-oscillations are identified as contributions
from top and bottom layer.

Evolution of carrier densities and reduction of Fermi velocities are
fit by a screening model accounting for dynamic, layer-asymmetric
reduction in Fermi velocity and induction of charge via the backgate.

Fitting results suggest pronounced electron-hole asymmetry in the
interlayer hopping parameter tθ and a nearly layer-symmetric offset
around –0.01 eV in Fermi energy for the unbiased dispersion.

As further fitting parameter, a large effective layer separation of
∆heff ≈ 10 Å is found and connected to lattice corrugation in the
examined scenario of TBG on a substrate of SiO2.

On a practical note, the sum of nb and nt from fig. 5.8 provides a
new way of scaling the energetic dimension in terms of total charge
carrier density ntot, which is used alternatively to backgate voltage
UBG in the following.
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5.1.3 High Fermi Energy

Transport signatures at higher absolute Fermi energy appear quali-
tatively different from the above examined low-energy range.

Figure 5.10 shows according measurements in the regime of elec-
tron conduction: In the derivative dR/dB, straight Landau fan fea-
tures are clearly resolved in showing a disruption at intermediate
magnetic fields around B = 6.5 T (panel a). As indicated by colored
arrows, oscillation minima from low magnetic fields can approxi-
mately be extrapolated to oscillation maxima in high fields and vice
versa; this suggests a corresponding phase shift of π.
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Figure 5.10 a: Differential resistance in dependence on magnetic
field B and UBG as well as ntot. A discontinuity in the high-
energy Landau fan is marked by colored arrows (note that the low-
energy LL left of the dashed white line evolves without disruption).
b: Resistance vs. inverse magnetic field at ntot = 2.97× 1016 m–2.
Colored bars of half a wavelength in B–1 approximate high-field (red,
small B–1) and low-field (blue, large B–1) oscillations respectively.
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In fig.5.10 b, resistance is displayed vs. inverse magnetic field at a
fixed carrier concentration: Here too, two different regimes of quanti-
zation can be discerned. The frequency and phase of SdH-oscillations
are approximated for low- and high-field data by accordingly colored
bars, finding the following distinctions:

Firstly, the wavelengths in B–1 are slightly different between oscil-
lations at high magnetic fields (red) and low fields (blue), indicating
an offset in involved carrier density.

Secondly, the phase shift of π, suggested in fig.5.10 a, is confirmed:
notice how at low B–1, a given maximum is described by the tran-
sition from a red bar to a void (left to right), where at high B–1

(traced by blue bars), the order is reversed.

The above described points shall be investigated more closely in
the following, starting with SdH-frequencies and corresponding n:

Figure 5.11 a shows a further example of an oscillation; the wave-
lengths indicated by colored bars correspond to frequency peaks re-
vealed in a corresponding fast Fourier transform (FFT), as shown in
panel b. To enable an efficient overview, data have been rescaled in
B–1 and subjected to Fourier transformation over a wider range in
ntot; lower panels of fig. 5.11 show the derivative in the direction of
BF (i.e. frequency in B–1):

A double-peak structure like the one in panel b is observed at high
positive as well as negative Fermi energies, as indicated by dashed
lines in fig. 5.11 c,d. Evolution of frequency appears linear; both
regimes share an equal slope. Closer examination identifies larger
frequency in the low-B–1 than in the high-B–1 regime for negative
ntot (see also example in fig. 5.11 b) and smaller frequency in low
B–1 for positive ntot (see also example in fig. 5.10 b).

Frequencies proportionally relate to charge carrier concentration
via eq.2.36. Thusly calculated n (corresponding to linear approxima-
tions, dashed lines in fig.5.11 c,d) scale with a proportionality factor
close to unity with respect to ntot (assuming fourfold degeneracy).
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Figure 5.11 a: Resistance vs. inverse magnetic field at
ntot = –2× 1016 m–2. Periods in B–1 correspond to frequency peaks
in b, according to color-code. b: FFT of a: a double-peak is indi-
cated by colored lines. c: Derivative d/dBF of the FFT over resis-
tance vs. inverse magnetic field for a range of carrier densities in
the regime of hole-conduction; frequency peaks from b can be iden-
tified over the whole parameter range (dashed lines, color-coded in
accordance with a,b). d: Same as in c but for positive ntot.

From the above observations, SdH-oscillations in the examined
high-energy range are attributable to a coupled system, as the en-
tirety of backgate-induced charge is involved in according quantiza-
tion. With respect to ntot, extrapolated charge neutrality is slightly
offset into the negative (low magnetic field oscillations) and positive
(high magnetic field oscillations) respectively.
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Figure 5.12 a,b: Resistance vs. inverse magnetic field at
ntot = –6× 1016 m–2 and ntot = –2× 1016 m–2 respectively. Red
and blue backdrops indicate different ranges of quantization, col-
ored dots mark extrema in SdH-oscillations (numbered as integer
for minima and half-integer for maxima). c: Number of extremum
N in SdH-oscillations vs. inverse magnetic field for the range of
quantization in large B–1 (blue backdrop in a,b as well as three
further not depicted examples). Lines are linear fits to data; inset
shows a magnified region of intercept with the N -axis. d: Same as c
but for the range of quantization in small B–1 (red backdrop in a,b
as well as three further not depicted examples).

204



5.1 Berry Phase Transition in a Twisted Graphene Bilayer

Next, quantitative information about the Berry phase in the two
observed regions is acquired as presented in fig. 5.12.

In a proceeding similar to the ones described in refs.[6, 7, 99],
extrema in oscillations are numbered by integers (minima) and half-
integers (maxima) from small to high B–1; this is done separately
for both regimes of quantization as suggested by colored dots in the
examples shown in fig. 5.12 a,b.

Panels c and d show the according number N over position in
inverse magnetic field at the two depicted (panels a,b) and three
further carrier concentrations. Extrapolation to B–1 = 0 T–1 is per-
formed via linear fits to N .

For high B–1 (blue), the inset shows intercepts close to
N (0 T–1) = 0.5, which indicates a Berry phase of π.

At low B–1 (red), the intercepts center around N (0 T–1) = 0,
indicating a Berry phase of 2π (or multiple integers).[6, 7, 99]

In intermediary summary, figure 5.13 provides an overview of thus
far established TBG signatures: Two superposed SdH-oscillations
with Berry phase of π indicate effectively decoupled monolayers at
low energy (middle range, yellow). At high absolute Fermi energies,
oscillations indicate a coupled system; the Berry phase changes from
π (blue area) to i × 2π (red area) at intermediate magnetic fields
(where i is an integer including zero).

B

E

π ππ
decoupledcoupled coupled

i∙2π i∙2ππ

0

Figure 5.13 Schematic
overview of distinct regimes:
At low energy, two decoupled
monolayers are quantized at
β = π. At high energies,
a coupled TBG-system is
quantized at magnetic-field-
dependent Berry phase.
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The observed transition in Berry phase in conjunction with layer
coupling constitutes a highly interesting TBG signature. A Berry
phase of β = i × 2π corresponds to an even topological winding
number which is in turn indicative of an even number of Dirac points,
enclosed by a given cyclotron orbit in reciprocal space[98, 99]. In
TBG, there are three possible scenarios for this:

1. The first one is discussed in sec. 2.3.2 and illustrated in
fig. 2.39 b: a winding number of zero is found for a hole-like
band above the vHs[50, 90]; corresponding LL originate in high
n and evolve in opposite direction to the ones around the orig-
inal Dirac points. As here observed high-energy LL originate
in the vicinity of top and bottom layers´ original Dirac cones,
the above backfolding scenario can be discarded for the present
consideration.

2. A study on TBG with high gated layer asymmetry found su-
perposed oscillations with intercepts N (0 T–1) around zero and
0.5 respectively[91] (in an analysis similar to the one presented
in fig. 5.12). The observations are attributed to the filling of
a second subband; here, the winding number corresponding
to N (0 T–1) = 0 is two, as cyclotron orbits enclose both lay-
ers´ Dirac points. In contrast to the above described mBz-
scenario[50, 90], the band with 2π-quantization is not con-
nected with a change in carrier type, which is in accordance
with the behavior found in the present work. In disagreement
however, no sign of a parallel subband is found; furthermore,
the degrees of layer asymmetry are not comparable.

3. As discussed in sec. 2.3.2 and illustrated in fig. 2.39 a, refs.[19,
20] predict a transition in Berry phase from β = π to β = 2π
upon crossing the vHs. Carrier type and associated direction
of LL-evolution stay undisrupted at the transition point which
fits the here observed behavior.
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The most likely explanation for the here observed phenomena
therefore lies in scenario 3. which will be briefly recapitulated in
the following. Figure 5.14 b shows the schematic of a TBG disper-
sion as introduced in sec. 2.2.2:

Below the vHs, cyclotron orbits enclose one Dirac point each,
which corresponds to a Berry phase of π. In the absence of inter-
layer bias or asymmetric doping, top and bottom layers´ LL-energies
are degenerate. Accordingly, ref.[19] finds an eightfold degenerate
MLG-sequence (twofold spin, valley and layer) at energies E < EvHs
(fig. 5.14 a).

Above the vHs, a single cyclotron orbit encloses both Dirac points
due to the change in the dispersion´s topology. This corresponds to
a Berry phase of 2π and thus the LL-sequence of a Bernal-stacked
bilayer, as evident from the indicated filling factors in fig. 5.14 a.
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Figure 5.14 a: From ref.[19]: LL-evolution in dependence on en-
ergy and magnetic field for a TBG of around θ = 2°. Dashed line
marks the position of vHs-energy; numbers in the panel indicate
filling factors. b: Schematic of TBG dispersion: Dirac cones of indi-
vidual layers (blue, yellow) are displaced in momentum by ∆K ; the
dispersion merges at the vHs. White stripes signify Landau levels
corresponding to cyclotron orbits encircling one (E < EvHs) and two
Dirac points respectively (E > EvHs).
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In connection to the above model, AB-bilayer-like quantization
has previously been found in a TBG sample grown from SiC[92];
however no evidence for MLG-like quantization (and for the lack of
this, no phase transition) could be resolved.

Although the described model does not account for the here found
energetic offset and corresponding asymmetries between layers
(sec. 5.1.2), it captures the main observation of a transition between
two decoupled Dirac cones at low and one coupled system with a
Berry phase of 2π at high energies.

Interestingly, ref.[20] finds a unitless value

b =
√

h̄
8eB |∆K |, (5.2)

which determines between massless- or massive-like energetic se-
quence ELL of LL: For b > 1, ELL resembles the spectrum of massless
carriers like in MLG; at b < 1, ELL starts to scale equidistantly as
associated with a constant carrier mass.

The critical magnetic field up to which massless behavior is re-
tained, accordingly lies around 45 T, which is well above the here
examined range for the studied twist of θ=2.5° (determining ∆K ).

To test this prediction, Fermi velocities are extracted from tem-
perature dependence of SdH-oscillations in the coupled range as de-
picted in fig. 5.15 a (using eq. 2.38 like in the low-energy range).
Oscillations with Berry phase of π at low magnetic fields prove too
shallow for extraction of reliable data. However, 2π-data in high
magnetic fields reveal constant Fermi velocity close to the one of
native graphene as depicted in fig. 5.15 b.

This establishes further congruence with theoretical prediction for
the assumed scenario[19, 20]. Furthermore, the coalescence of mass-
less signature and β = 2π constitutes a novel experimental obser-
vation and reveals yet another variation in graphene-based systems.
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Figure 5.15 a: Temperature-dependent damping of SdH-
oscillations at ntot = 3.68× 1016 m–2 and β = 2π (color-coded
according to legend in the bottom). A background resistance has
been removed (analog to the proceedings is the low-energy range);
lines are fits of eq.2.35 to data. b: Fermi velocities as calculated from
effective masses m∗ extracted from temperature-dependent fits like
in a and corresponding charge carrier densities; vF appear constant
around 0.94× 106 m s–1.

Not captured in the above discussed model[19, 20] is the persis-
tence of β = π at low magnetic fields in the coupled range.

Firstly, this could simply by ascribed to a region of transition
between decoupled β = π and coupled β = 2π-regimes (fig. 5.13,
yellow and red respectively), as described in the following:

In the symmetric scenario from refs.[19, 20], the transition in LL-
degeneracy (splitting lines, fig.5.14 a) is where the change in topology
comes into effect. Though splitting of different LL takes place over
a narrow energetic range, closely centered around the vHs, there is
still some spread as evident from fig. 5.14 a: notice e.g. that filling
factor ν=8 reaches around 0.02 eV below EvHs.
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Ref.[20] finds a dependence on b again (eq. 5.2): critical fields
are 9.5 T, 5.1 T and 3.5 T for the first three nonzero LL at θ=2.5°,
which is comparable to the range between 6 T and 7 T observed in
fig. 5.10 a.

A further energetic spread of the transition in topology could po-
tentially be accounted for by the gated layer asymmetries in the here
examined case.

Moreover however, two interesting cohesions are found in the col-
lective picture of extracted charge carrier densities, which may fur-
ther the understanding of coupling between energetically offset Dirac
cones:
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Figure 5.16 Charge carrier densities vs. backgate voltage. Black,
yellow: bottom and top layer data from fig. 5.8; fit curves are ex-
trapolated according to the screening model. Gray: ntot as calcu-
lated from nb, nt. Red, blue: extracted in the coupled regime from
SdH-oscillations at β = 2π (red) and β = π (blue); lines are linear
fits to the data.
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Figure 5.16 shows nb and nt as well as nπ and n2π, as extracted
from frequency of SdH-oscillations.

Notice how nb ≈ nπ at the decoupled-coupled transition around
UBG = 50 V; nt ≈ nπ is found on the opposite side around
UBG = 20 V, where nt could not reliably be extracted but is ex-
trapolated via the screening model.

Notice further that nπ – n2π ≈ 6× 1015 m–2 which is about the
number of states in a fourfold degenerate Landau level at a magnetic
field of Btrans = 6.5 T which, in turn, is where the transition in Berry
phase is observed (fig. 5.10 a).

In a possible interpretation of the above observations, the coupled
system with Berry phase of π takes over in the dominant layer´s
Dirac cone (bottom layer on electron, top layer on hole side), where
Fermi energy is close to the Dirac point in the other layer. Exclu-
sion of this other layer may be linked to the vicinity between Dirac
point and crossing of individual MLG bands (fig. 5.7), which can
be expected to affect the dispersion most severely as discussed in
sec. 5.1.2: In estimation of accordingly reduced Fermi velocities; the
proposed screening model finds near-zero ṽF in the excluded layer
around the transition energy (fig. 5.8 a: conduction band of the top
layer [dashed yellow line] at UBG ∼ 50 V , and valence band of the
bottom layer [solid blue line] at UBG ∼ 20 V).

One may further speculate that the respective layer excluded in
nπ comes back into play in the following way: Note that

nb ≈ nt ≈
nπ – n2π

2
at the decoupled-coupled transition. According to the above con-
sideration, this approximately corresponds to a twofold degenerate
Landau level at the magnetic field Btrans of Berry phase transition.
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Note that the zeroth LL in MLG extends with twofold degeneracy
into electron and hole branch of the dispersion each. For B > Btrans,
Fermi energy will therefore jump to the Dirac point of the respective
low-n layer, as depicted in fig. 5.17.
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Figure 5.17 Schematic of a layer-asymmetric TBG dispersion.
LLs in the top layer´s hole branch (right) are indicated in shaded
yellow. Depending on magnetic field, the Fermi energy EF (gray
lines) is pinned in the zeroth LL at the Dirac point or in the minus
first LL, where the dashed black line marks EF in the absence of
Landau quantization.

The described transition of Fermi energy into a zero mode conceiv-
ably plays a decisive role in the observed magnetic-field dependence
of the Berry phase transition, as involvement of both layers´ Dirac
points is crucial to the observation of β = 2π. Moreover, associated
energetic jumps may explain the offset in carrier densities between
the coupled Berry-phase-of-π and -2π systems (figs. 5.11 and 5.16).

While the above considerations are merely speculative, they point
out a number of interesting coherencies and suggest mechanisms
behind the persistence of high-energy β = π-quantization and Berry
phase transition at absolute Fermi energies which are slightly below
the expected vHs.

212



5.1 Berry Phase Transition in a Twisted Graphene Bilayer

In summary, Landau quantization of a coupled TBG system with
constant Fermi velocity and Berry phase of 2π is observed in high
Fermi energies, according with theoretical prediction.

Not theoretically described as yet, carrier densities in the coupled
range appear offset with respect to ntot from the low-energy range;
moreover, signatures of a coupled TBG system at Berry phase of π
persist in high energies and low magnetic fields.

Corresponding phenomena are discussed on the basis of the en-
ergetic layer asymmetries established in sec. 5.1.2. As mechanism
behind the transition between π and 2π in Berry phase, magnetic-
field-dependent pinning of Fermi energy into the zeroth LL of the
respective layer with lower carrier concentration is proposed.

The above findings highlight the fascinating physics to be wit-
nessed in small-angle TBG. The energetic range of interlayer cou-
pling, enrichened by asymmetrical gating, exhibits a number of in-
teresting peculiarities, which should encourage further theoretical
treatment of the matter.

Note that the model from refs.[19, 20], underlying the above inter-
pretation of transport phenomena in the examined TBG of θ=2.5°,
neglects backfolding into the superlattice mBz. While this principal
has also been found to apply in TBG of similar rotational mismatch
from SiC[92] and CVD[91], signatures of the contrasting backfolding
scheme were recently found in a further device of comparable twist
angle[90] which, unlike the others, was embedded between layers of
hBN. As discussed in sec. 2.1.4, such encapsulation should greatly
restrict out-of-plane lattice corrugation.

The described correlation of distinctions in real-space and elec-
tronic structure may thus be taken to emphasize the important role
of sample morphology on electronic properties in TBG as introduced
in sec. 2.1.4 and discussed in sec. 2.2.3.
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5 Magnetotransport in Twisted Bilayer Graphene

5.2 Satellite Landau Fans in Twisted
Graphene Bilayers

In the following section, two qualitatively similar transport signa-
tures in small-angle TBG samples are presented: Satellite Landau
fans with origin in higher carrier density away from the main charge
neutrality are observed in longitudinal magnetoresistance. Parts of
the presented data are published in ref.[12].

In the first sample A, a pronounced satellite fan is found at positive
energy. Degeneracy and position in carrier density are analyzed,
additional features evaluated. Observations are discussed with
respect to the coupling models introduced in sec.2.2.2 and sec.2.2.3.

Satellite features in the second presented sample B are most
pronounced at negative energies. Details are investigated, differ-
ences to the first presented signatures in sample A are discussed;
it follows an evaluation in terms of possible underlying coupling
scenarios.

5.2.1 Sample A
The here examined TBG sample was again created via folding, as
byproduct of mechanical exfoliation.

Figure 5.18 provides information about sample geometry and
scheme of electrical contacts: As suggested in the bottom panel,
the area marked in brown forms a connected plane which has been
flipped over onto the gray area as well as the substrate to the left
(assumption of this scenario is rooted in AFM measurements where
different sharpness of covered [by the top layer] and uncovered edges
is observed). A TBG area is thus created between MLG portions
of top and bottom layer each, which are electrically contacted as
indicated in the top panel.
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5 µm

Figure 5.18 Top: Optical picture of the TBG sample; position
of later defined electrical contacts is marked by transparent bars.
Bottom: Schematic of sample geometry; the area marked in brown
marks the top layer which has been folded over onto the bottom,
protruding onto the substrate to the left.

A twist angle of 1.6° is extracted from an AFM-resolved Moiré
period of 9 nm as demonstrated in fig.4.10 of sec.4.2. Note that this
potentially places the sample in a range beyond the applicability of
the commonly employed continuum model (sec. 2.2.2).

The interlayer distance lies at 5.8 Å± 0.5 as extracted from AFM
topography measurements; the value is likely influenced by super-
structure corrugation, as discussed on fig. 4.15 and in sec. 5.1.2.

Electrical measurements were carried out across the TBG area in
four-probe configuration at a current of 200 nA+100 nA with DC
(first) and AC contributions (second, frequency of 18.33 Hz). Mea-
suring temperature was kept at 1.5°.

Figure 5.19 shows a map of resistance in dependence on backgate
voltage and magnetic field:
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Figure 5.19 Resistance vs. backgate voltage and magnetic field.
Origin of two Landau fans is indicated by white arrows. Transparent
scales in the middle of the panel trace equidistant maxima in SdH-
oscillations of the dominant Landau fan (d).

The measurement reveals evolution of Landau levels in SdH resis-
tance modulations; clearly resolved are two Landau fans with origin
in different carrier concentration.

As evident from fig. 5.20, charge neutrality in the electric field
effect at zero magnetic field is located at the origin of the more
prominent set of SdH-features which will therefore be referred to as
dominant Landau fan d in the following. Where evolution of conduc-
tance is undisrupted and linear on the hole-side, a dip is observed
around the origin of the SdH-features around higher positive energy
which are from hereon out referred to as higher Landau fan h.

Resistance maxima in Landau fan d appear equidistant in backgate
voltage at a fixed magnetic field (transparent white bars, fig. 5.19),
which indicates quantization of a coupled TBG system as opposed to
the screening scenario in the last-analyzed measurements (sec. 5.1).
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5.2 Satellite Landau Fans in Twisted Graphene Bilayers

From the spacing ∆UBG in gate voltage, a capacitive coupling of
C∗ = 6.6× 1014 V–1m–2 ± 0.3 is determined via eq. 2.33a under
assumption of fourfold degeneracy. The value agrees well with ex-
pectation from the thickness of the SiO2-dielectric (sec. 3.4); all of
the backgate-induced charge carriers can therefore be assumed to
occupy the quantized states in the dominant Landau fan over the
examined energetic range. The measuring parameter of backgate
voltage may accordingly be translated to a charge carrier concentra-
tion with n=0 around the minimum of the field effect conductance,
as applied to depictions on the following pages.
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S
)
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0.0
-90-60-30 0 30 60

Figure 5.20 Conductance vs. backgate
voltage at B = 0 T. Main charge neu-
trality lies around UCNP=–14 V; a dip
in conductance below linear evolution
(red line) is observed around UBG=30 V
as indicated by the red arrow.

The higher Landau fan shall be investigated more closely in the fol-
lowing. From fig.5.19, it becomes already evident that the frequency
of corresponding SdH-oscillations is smaller than in the dominant fan
(spacing in UBG at constant B is larger).

Figure 5.21 shows a plot of resistance for n ≥ 0 m–2 vs. inverse
magnetic field, where LLs emerge equidistantly. As indicated by
white dots, the main fan d intersects the higher one h at every one of
the drawn equi-B–1 lines (transparent white); the higher fan however
crosses the same LL out of the dominant fan at only every second
intervall (indicated by yellow dots).
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Figure 5.21 Resistance vs. inverse magnetic field and charge carrier
concentration in the regime of electron conduction (in the frame of
the dominant Landau fan with origin at n = 0 m–2). Equidistant
transparent white lines trace intersections of LLs between lower (d)
and higher Landau fan (h). Level of the dominant fan cross the first
nonzero one from the higher fan at every line as indicated by white
dots. A given level from Landau fan d however is crossed at every
second interval only, as marked by yellow dots. Colorscale spans
25 kW.

The above relations indicate doubled degeneracy in the higher
with respect to the dominant Landau fan. As the latter is fourfold
degenerate in accordance with the expected carrier densities, the
dispersion quantized in Landau fan h is therefore revealed to be of
eightfold degeneracy.

Before the isolated signatures are evaluated and put into theo-
retical context, a further detail is presented in fig. 5.22. Panel a
shows differential resistance dR/dB, where the higher Landau fan is
resolved as a cross-like feature in the middle of the plot.
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5.2 Satellite Landau Fans in Twisted Graphene Bilayers

Interestingly, a further less pronounced feature of similar shape is
found at roughly double the charge carrier concentration.
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Figure 5.22 a: Derivative dR/dB vs. magnetic field and carrier
density. Features of the higher Landau fan are indicated by the
left white arrow. At roughly doubled carrier concentration, further
cross-like features around the right arrow may be discerned as sug-
gested by dashed white lines. b: Field effect resistance at B = 0 T
in logarithmic display vs. charge carrier density. Elevated features
corresponding to the fans from a are pointed out by red arrows.

The resistance at zero magnetic field (fig. 5.22 b) correspondingly
reveals a further disturbance at higher carrier concentrations (beside
the features from Landau fan h already established in fig. 5.20), as
marked by the identifier h2.
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5 Magnetotransport in Twisted Bilayer Graphene

The findings from fig.5.22 suggest a third Landau fan in the mea-
surements; in light of its weak pronunciation, a more detailed exam-
ination is not possible however.

In summary, a dominant Landau fan with MLG-like sequence and
degeneracy is found to originate near zero backgate voltage. Straight
evolution of corresponding LLs indicates quantization of a single,
coupled system. The field effect at zero magnetic field is roughly
symmetric around the fan´s origin.

A further, less pronounced Landau fan is found around
n ∼ 3× 1016 m–2 in the reference frame of the fourfold degenerate
Landau levels of the dominant fan. This higher Landau fan exhibits
the signature of an eightfold degenerate graphene monolayer; its ori-
gin in B = 0 T is accompanied by a modulation of the field effect
resistance around the main CNP.

Around n ∼ 5.5× 1016 m–2, features of a third, least pronounced
Landau fan are found, again accompanied by slight modulation of
the zero-tesla field effect.

In principal, the here observed scenario is reminiscent of the back-
folding schemes introduced in sec. 2.2.3. Here, satellite Landau fans
arise at the edge of the lowest subband, where the superlattice mBz
is filled (fig. 2.39).

With the here found superlattice wavelength of λ ≈ 9 nm, eq. 2.24
finds n ≈ 5.7× 1016 m–2 for the correspondingly expected number
of states, which is roughly double of the span between here ob-
served fans. This renders the explanation via backfolding at the
mBz boundary somewhat incongruent.

An alternative scenario to witness multiple Landau fans in, is
given in Mele´s uncompensated class of interlayer coupling[10], as
introduced in sec. 2.2.2 and illustrated in fig. 2.29. Here, secondary
Dirac singularities form at midpoint between rotationally displaced
K -points.
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a b

∆K2

Figure 5.23 a: From ref.[10]: TBG band structure in the uncom-
pensated coupling model. Dashed lines to the right have been in-
serted to indicate the suggested relation to here performed measure-
ments, where numbers signify the origin of dominant (d), higher (h),
and second higher (h2) Landau fan. b: Schematic of the mBz; sec-
ondary Dirac singularities (red dot) arise, where the individual lay-
ers´ Dirac cones (blue and yellow circles) meet. Span of rotational
displacement ∆K is indicated in gray.

The dispersion depicted in fig. 5.23 a exhibits all of the here iden-
tified features, which are

• three instances of local charge neutrality,

• each with MLG-like dispersion around Dirac singularities

• and a twofold layer degeneracy in the energetically centered
Dirac cones.

The number of states in a circle of radius ∆K/2 is given by

π(∆K/2)2

4π2 ≈ 4.5× 1015 m–2, (5.3)

where the denominator stems from the two-dimensional k-space vol-
ume of a single state and ∆K ≈ 4.75× 108 m–1 as calculated for
θ = 1.6° via eq. 2.21.
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The two layers´ dispersions are thus approximated to meet at
3.6× 1016 m–2 which derives from eq.5.3 via multiplication by 4×2,
accounting for graphene´s fourfold degeneracy and the filling of both
layers´ Dirac cones.

The good match of the calculated value to the intervals of
∼ 3× 1016 m–2 found between origins of Landau fans in the here
examined sample makes a strong additional case for the scenario
suggested in fig. 5.23.

Two peculiarities in the suggested electronic scenario require spe-
cial consideration and might be explained via the geometry of the
examined sample:

Firstly, the layer degeneracy in Landau fan h is not lifted in spite
of the asymmetric influence of the backgate, contrasting the obser-
vations from the first segment 5.1 of this chapter.

Ref.[10] does not treat the case of interlayer bias; one may spec-
ulate that the corresponding behavior in the uncompensated class
of interlayer coupling is different to the one found in the commonly
applied model[8] (sec. 2.2.2).

Alternatively, the persistence of energetic layer-symmetry is rooted
in the comparatively large bare MLG areas surrounding the TBG
(fig. 5.18): portions of both bottom and top layer respectively are
not screened and under full influence of the backgate to either side
of the bilayer area; corresponding lateral enclosure between equally
gated top and bottom layer may be assumed to enforce a level Fermi
energy in the vertical TBG arrangement as well.

Secondly, the three Landau fans appear very differently
pronounced, which might in principal be ascribed to disorder broad-
ening in the coupled dispersion. In the suggested scenario however,
the dominant transport signature d is based on the secondary Dirac
singularity at negative energies (fig. 5.23 a), where signatures of the
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supposed primary cones (h, fig. 5.23 a) appear much weaker and the
secondary Dirac singularity at positive energies (h2, fig. 5.23 a) is
barely pronounced.

It is again tempting to ascribe this to sample geometry and config-
uration of electrical contacts, as addressed in the above first point:
The unscreened, fully gated portions of top as well as bottom layer
to either end of the TBG area may be speculated to adjust Fermi
energies in such a way that states in the single Dirac cone on the
valence side of the coupled dispersion are favored in the measured
transport from one monolayer portion through the bilayer into the
other constituting MLG area (fig. 5.18).

In summary, the alternative coupling model from ref.[10] provides
a likely frame for the magnetotransport signatures observed in a
twisted bilayer of θ=1.6°.

While the model applied in sec. 5.1 reaches the limits of applica-
bility at this very small interlayer twist, further reason behind qual-
itatively different signatures observed in the previous sec. 5.1 and
the present sec. 5.2.1 may be found in the real-space superlattice:
Comparison between fig. 4.10 a (p. 152) and fig. 5.2 a (p. 188) reveals
different overall appearance, most notably the superior long-range
order in the former. Associated distinctions in particular super-
lattice formation and shape may influence the relation between dif-
ferent coupling terms[10] and thus change electronic situation.

The observation of qualitatively distinct transport signatures in
analogly prepared TBG with only 1° of difference in rotational mis-
match highlights the complexity of the twisted graphene bilayer sys-
tem. A further instance of satellite Landau fans in longitudinal
magnetoresistance is presented in the following and hints towards
yet another electronic scenario in small-angle TBG.
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5.2 Satellite Landau Fans in Twisted Graphene Bilayers

5.2.2 Sample B
The second sample which shall be investigated in the present section
on satellite Landau fans in TBG magnetoresistance, is depicted in
fig. 5.24: A folded area of ∼ 2µm × 6 µm has been folded over dur-
ing mechanical exfoliation. Straight sample edges in both bottom
(panel b, blue) and top layer (yellow) relate via φ mod 30° ≈ 1.5°
and φ mod 30° ≈ 0.5° to the folded edge, where φ indicates the angu-
lar difference between native and folded edges respectively; interlayer
twist follows as θ ≈ 2°± 1° from eq. 4.1.

3 µm

5 µm

a

b

-29.5°

-30°

2∙(30°-29°)=2°2∙(30°-29°)=2°2∙(30°-29°)=2°2∙(30°-29°)=2°

2∙(30°+1.5°)-60°=3°2∙(30°+1.5°)-60°=3°2∙(30°+1.5°)-60°=3°

1.5°

Figure 5.24 a: Optical picture around the TBG portion in a folded
MLG flake; geometry of a subsequently etched sample structure is
marked by the brown overlay. Black dots mark position of later de-
fined source, white dots of measuring contacts. b: Optical picture of
the entire flake; straight edges are traced by colored lines, according
angles are indicated in a cartesian frame of reference.

The sample is etched into a defined geometry as indicated by the
transparent brown area in fig. 5.24 a.
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Electrical measurements are performed at a constant source cur-
rent with amplitude of 100 nA and AC frequency of 13.3 Hz, which
is driven through the TBG area as marked by the black dots in
fig.5.24 a; voltage drop is measured in four-probe configuration (white
dots). The measuring temperature is adjusted to 1.5 K.

Sample resistance is determined in dependence on backgate volt-
age (sweep) and perpendicular magnetic field (step); the derivative
dR/dB is depicted in fig. 5.25 a:

Clearly resolved is a main Landau fan with origin close to UBG=0 V.
At negative gate voltages, additional features are observable in con-
verging towards zero magnetic field; the according fan-like structures
have a slightly frayed appearance and are less clearly pronounced
than the ones in sec. 5.2.1.

Panel b shows the fast Fourier transform (FFT) of resistance in
inverse magnetic field: A major peak is evolving linearly in frequency
Bf and gate voltage UBG (mirror symmetric between negative and
positive) as traced by the dashed white line for positive UBG. The
feature is attributable to SdH-oscillations in the main Landau fan
from panel a, where the peak position in Bf is given by the inverse
of corresponding wavelength ∆B–1 for a given charge carrier con-
centration n. With eq. 2.36, capacitive coupling in the involved n to
UBG is determined via

C∗ = 4
Φ0

dBf
dUBG

as C∗ ≈ 6.4× 1014 V–1m–2, under assumption of fourfold degeneracy.
Close similarity to the value of 6.53× 1014 V–1m–2 (reflecting the
nominal parameters of the used substrate, see sec. 3.4) indicates ab-
sence of screening.

The examined main Landau fan can thus be assumed to arise in
quantization of a coupled TBG system; alternatively, as one source
and measuring lead each contact the bottom layer only (see fig.5.24 a),
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5.2 Satellite Landau Fans in Twisted Graphene Bilayers

reflection of the corresponding quantized MLG density of states in
the observed main Landau fan cannot be ruled out.).

The FFT in fig. 5.25 b further resolves frequency features asso-
ciated with the satellite structures observed in panel a: Though
not yielding further quantitative information, e.g. on degeneracy,
the symmetry of evolution in multiple clusters of frequency peaks
suggests more than one center of satellite features in magnetoresis-
tance, as pointed towards by white arrows.
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Figure 5.25 a: Derivative dR/dB in dependence on backgate
voltage UBG and magnetic field B. Apparent satellite features of
Landau quantization are indicated by yellow arrows. b: FFT of re-
sistance in inverse magnetic field vs. backgate voltage and frequency
in B–1. Linear evolution of the main peak in the regime of electron
conduction is traced by a white dashed line.
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The regime of electron conduction (in the frame of the main Lan-
dau fan) shows no apparent traces of satellite fans or other additional
features in the above depictions. A closer look is taken in fig. 5.26:
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Figure 5.26 a: Close-ups of resistance vs. magnetic field and charge
carrier concentration n in the frame of reference of the main Landau
fan; according filling factors are indicated for orientation. Satellite
Landau fan features are indicated by white arrows. Colorscale spans
90 kW and 5.5 kW for left and right panel respectively. b: Field effect
resistance at B = 0 T on a logarithmic scale vs. carrier density n.
Marked are equidistantly positioned peaks.

Panel b shows the field effect resistance at zero magnetic field.
Like in the measurements presented in sec.5.2.1, the dominant CNP
lies at the origin of the main Landau fan.
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The satellite features in negative n, already observed in fig. 5.25,
show in three roughly equidistant elevations in resistance, modulat-
ing the flank of the field effect.

Furthermore, two lesser peaks are revealed in the regime of elec-
tron conduction; the one at smaller n is complemented by a fanning-
out evolution in magnetic field as resolved in the close-up on the
corresponding parameter space in the right panel of fig. 5.26 a.

Viewed in conjunction, systematic placement of resistance peaks
in carrier concentration with constant intervals around 1× 1016 m–2

becomes apparent, as stressed by the red bars in fig. 5.26 b.
Features on the hole-side may herein be interpreted as split into

one primary and two further satellite peaks as suggested by the red
arrow; note that the interval of ∼ 5× 1015 m–2 between locally split
features is roughly half the global one.

In summary of the observed transport signatures, satellite peaks in
resistance are found to modulate a dominant field effect at B = 0 T;
features arise in regimes of both hole and electron conduction, po-
sitions in carrier concentration are systematically related by a char-
acteristic interval of ∼ 1× 1016 m–2.

At negative carrier concentration, the observed resistance peaks
define origins of magnetic-field-dependent evolution in structures
reminiscent of Landau-fans; according features appear sharp and
pronounced but frayed, limiting the degree of deducible quantitative
information about the underlying sequence of Landau quantization.

At positive carrier concentration, satellite features in finite mag-
netic fields are less pronounced but still clearly evident in the posi-
tion around lower carrier density at n ≈ 1× 1016 m–2.
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On one hand, the above observations are similar to the ones found
in sample A as presented in sec. 5.2.1: Resistance is dominated by a
field effect, modulated by SdH-oscillations in a fourfold degenerate
MLG sequence. The according main CNP lies close to UBG=0 V.
Satellite peaks in various degrees of lesser pronunciation are evident
in resistance at zero magnetic field, indicating lessened density of
states in equidistantly placed intervals; originating from here, more
or less pronounced satellite Landau fans are found to modulate the
magnetoresistance.

A couple of major distinctions however point towards a different
underlying electronic scenario in the present sample B:

Firstly, satellite features are found to both energetic sides of the
dominant CNP, which is in contrast to the additional structures in
positive UBG only, as found in the previous segment sec.5.2.1. Where
the overall context suggested the fourfold degenerate dominant Lan-
dau fan to reflect a secondary Dirac singularity in the according
sample A (see discussion towards the end of sec. 5.2.1), the qualita-
tively symmetric configuration of satellite features around the main
CNP suggests the dominant Landau fan to be a primary signature
in the here discussed sample B.

Secondly, though a quantitative analysis of the observed satellite
fans in sample B proves challenging due to their frayed appearance,
a heightened degeneracy like in the center Landau fan of sample A
is unlikely: The slope of the most pronounced LLs in magnetic field
and charge carrier concentration, as pointed out by white arrows
in fig. 5.26 a, is comparable to the one of the first nonzero level in
the main fan (left panel, fig. 5.26 a: ν=-4) and clearly steeper than
the one of the second nonzero level (right panel, fig. 5.26 a: ν=8).
Correspondingly assumable presence of satellite LLs at a filling fac-
tor below ν=8 rules out a layer-degenerate MLG spectrum, rather
hinting towards the common fourfold sequence instead.
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In light of the above considerations, the backfolding scenario from
figure 2.31[88], 2.32[93] or 2.33[90] provides the most likely frame
for the here observed satellite CNP and LL features (in contrast to
the coupling between Dirac cones in the uncompensated class[10]
explaining transport signatures in sample A).

According to eq.2.24, filling of subbands in intervals of 1× 1016 m–2

corresponds to a superstructure unit cell area of A = 400 nm2 and a
wavelength of λ ≈ 21 nm. Assuming the Moiré relation, eq. 2.5 finds
an interlayer twist of θ ≈ 0.7°. Though this angle, as calculated from
electronic features, lies 0.3° below the geometrically estimated range
of 2°± 1°, an error bar slightly larger than 1° (as deduced from up-
per and lower bounds according to different edge measurements) is
quite conceivable. The scenario of secondary and tertiary features at
the edge of subsequently folded subbands thus constitutes a possible
explanation for the observed transport phenomena within sensible
limits of angular accuracy.

Having established backfolding at the superlattice mBz as a likely
general scenario, two important details shall be addressed in the
closing:

Electron-hole asymmetry, as here observed in the pronunciation
and quantitative play-out of satellite features, is quite common in
the related material system of graphene on hBN (see fig. 2.31 for
principals of the scenario): Ref.[99], for example, accordingly finds
strong, even qualitative differences between secondary signatures in
the regimes of electron and hole conduction. Partly, the phenomenon
is rooted in second-order potential from different atomic species in
the hBN sublattices[163], which is not transferable to TBG. Fur-
thermore though, next-nearest neighbor interlayer hopping has been
shown to induce a periodic modulation between sublattices, which
induces significant asymmetry between satellite features in conduc-
tion and valence band[11].
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The here observed, more complicated split structures in negative
carrier densities are thus a conceivable intricacy in the TBG spec-
trum and may again be substantially influenced by corrugation and
distortion, determining vicinity and magnitude of hopping between
lattice sites in top and bottom layer graphene.

Secondly, fourfold degeneracy as evident from the central, primary
Landau fan, deviates from expectation according to theoretical pre-
diction[41, 93] (fig.2.32, fig.2.33): With two Dirac cones in the mBz,
low-energy transport signatures should either display eightfold de-
generacy (as in the center Landau fan of sample A, sec.5.2.1) or two
fourfold sequences split by screening (see first segment 5.1 of this
chapter). The observed signature is therefore more reminiscent of
graphene on hBN[11, 88], where a single Dirac cone is reflected at
the mBz boundaries (fig. 2.31).

Given the geometry and contact scheme of the examined sample
(fig. 5.24 a), where half of the source and measuring contacts apply
to the bottom layer only, the following scenario is suggested: The
measured signatures are dominated by the quantized states in the
bottom layer dispersion which is folded back in the long-range super-
lattice potential imposed by the twisted top layer. Largely screened
from backgate influence (significant effective interlayer distance has
been suggested in sec.5.1.2) and contacted only by half of the source
and measuring probes, the latter does not significantly contribute to
the observed transport.

As shown in the appendix figs. A.5/A.6, a very similar spectrum
to the here discussed one has been observed in a further instance,
where (this time in two-probe configuration) source and measuring
contacts were again applied to the TBG on one and the bare MLG
bottom layer on the other side. The near identical features (ener-
getically scaled via θ) at equivalently asymmetric sample geometry
and contact scheme fortify the above construct of reasoning.
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In summary of the discussed signatures from samples B and C in
the present subsection 5.2.2, systematic satellite features in longitu-
dinal magnetoresistance, modulating a dominant MLG signature at
angle-dependent charge carrier concentrations, are ascribed to the
bottom layer in according small-angle TBG, where the top layer im-
poses a long-range periodic potential modulation; effective isolation
of a single layer´s signature is achieved by the asymmetric setup
of electrical contacts in conjunction with bare MLG portions in the
TBG bottom layer.

Intricate split features in the regime of hole conduction likely arise
due to next-nearest neighbor interlayer interaction, which can be ex-
pected to sensitively depend on atomic positions in a lattice-relaxed
TBG.

Complementing the findings on direct coupling between rotation-
ally displaced Dirac cones from sec. 5.2.1, the here observed phe-
nomena reflect an alternative electronic context of secondary Dirac
singularities in TBG, in analogy to the related material system of
closely aligned MLG-hBN heterostructures.
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5 Magnetotransport in Twisted Bilayer Graphene

5.3 Summary
In the present chapter 5, magnetotransport experiments on three
small-angle TBG samples were presented, revealing two qualitatively
different signatures, rooted in three distinct electronic scenarios:

Firstly, the findings presented in sec.5.1 reflect a commonly found
scenario: At low energy, the individual layers´ monolayer dispersions
are effectively decoupled but exhibit reduced Fermi velocity, scaling
with interlayer twist and hopping amplitude tθ; pronounced electron-
hole asymmetry is here found in the latter, confirming elsewhere
reported trends. Low induction of charge into the top layer via the
applied backgate voltage furthermore reveals an exceptionally large
effective interlayer distance in the corresponding capacitive model,
which is ascribed to out-of-plane lattice corrugation. At high energy,
the signature of a coupled dispersion at Berry phase of 2π is detected
in conjunction with constant Fermi velocity, confirming theoretical
prediction. Persistence of a Berry phase of π in low magnetic fields is
discussed with respect to pronounced gated layer asymmetries. The
mechanism of phase transition is linked to a possible jump of Fermi
energy between Landau levels around a critical magnetic field.

Secondly, an alternative coupling model predicts the generation of
secondary Dirac singularities at the crossing of rotationally displaced
MLG dispersions. Section 5.2.1 presents the according transport
signature featuring multiple Landau fans of different degeneracy.

Thirdly, secondary Dirac singularities may arise in backfolding
at the superlattice mBz boundaries. The signatures presented in
sec. 5.2.2 suggest transport through a TBG bottom layer, modu-
lated by the long-range superlattice potential imposed by a partly
covering top layer. According satellite Landau fan features exhibit
electron-hole asymmetry and split structures on the valence side;
the observed electronic situation bears general resemblance to the
related case of closely aligned graphene on hBN.
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6 Conclusions
The previous chapters of the dissertation at hand covered two
major topics: the real-space morphology of twisted bilayer graphene
(TBG), as investigated via AFM and the electronic TBG structure,
as probed in magnetotransport.

Subject of study are TBG samples created via folding of monolayer
graphene (MLG) from mechanical exfoliation. In small numbers,
flipped-over flakes are found among the exfoliation yield; further
folding events are induced via AFM-tip.

The former, byproducts of exfoliation, are found to exhibit varying
degrees of rippling and wrinkling; correspondingly indicated strain
in the TBG configuration suggests a mechanically forced folding pro-
cess, reflecting the motions of the exfoliating tape. Thusly created
structures exclusively exhibit small interlayer twist; this is explained
by here found energetically favorable stacking configuration and the
random, repetitive nature of mechanical stimulus in the exfoliation
process, where any less stable stacking configuration is detached in
a subsequent peeling cycle.

Where samples from exfoliation are predominantly folded as a
whole without any rupture of the lattice, AFM-induced folds are
found to tear from MLG along one or two paths respectively.
According one-rip structures are predominantly induced during scan-
ning motion at elevated spring load in the AFM probe. Two-rip
structures are in most cases spreading from cites of nanoindenta-
tion, i.e. scratches applied to the graphene plane.
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6 Conclusions

Interestingly, a time-dependent, progressive expansion of AFM-
induced folds at speeds > 10 nm s–1 could be observed, is however
limited in resolution by the finite capture time of a frame in AFM
imaging.

A similar behavior was recently reported for folded structures
resembling the here found two-rip structures[17]. Interaction energy
between two graphene sheets, superior to the one between graphene
and a substrate of SiO2, was proposed to progressively stabilize
an initially small folded configuration over larger and larger areas,
driven by thermal fluctuation. Expansion of the according TBG
takes place under rupture of carbon-carbon bonds along two paths,
which is energetically compensated by the gain in interlayer interac-
tion. This applies as long as the width of the progressing structure
is large enough; as it narrows due to strain from bending at the
folded edge, TBG expansion is terminated at a characteristic width
indicative of interlayer interaction energy.

The model was supported by the observation of different termina-
tion widths ` over varying thickness (i.e. number of layers) in folded
graphene[17]. In the work at hand, studies are extended to the whole
range of rotational mismatch, finding correlation between ` and the
magnitudes of interlayer distance ∆h as well as radius of the folded
edge, as determined for a larger number of AFM-induced TBG areas:

The width of growth termination is estimated to stand in recipro-
cal relation to interaction energy density, relation between interlayer
distance and binding energy is described via vdW-interaction follow-
ing an inverse power law; comparison of both suggests a power-law
dependence between ∆h and `, which is in fact found to be satisfied
in here measured data.

The radius of the folded edge is furthermore observed to decrease
below theoretical expectation for short folded widths, which can be
related to the balance between bending and tearing energy in the
above model of dynamic growth.
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In principal the folded width is thus shown to be a reliable indica-
tor of TBG energetics, which should be quantifiable upon refinement
of the here applied elementary model.

In contrast, folded widths in one-rip structures show no such cor-
relations. Here, a different mechanism of growth termination is
proposed: As according TBG form asymmetrically, along the pre-
existing native sample edge to one side and along a torn path to
the other, correspondingly asymmetric speeds of expansion may be
inferred, effectively equating to growth under rotation (the scenario
is in agreement with inferences from an according AFM capture
frame). On its rotated path, the one-rip structure is now bound
to pass commensurate interlayer stacking configuration where fric-
tion will instantly increase and lock the TBG into permanent posi-
tion. The model is supported by the good match between measured
rotational mismatch and theoretically expected commensurate twist
angles.

The findings on dynamic growth of TBG from folds initiated via
AFM tip substantiate the model introduced in ref.[17], furthermore
extending the range of relatable TBG parameters by interlayer dis-
tance and bending radius of the folded edge. In addition, a distinct
class of folded geometry is identified in TBG expanding at one tear,
which are shown to be governed by different growth dynamics.

Throughout all of the examined TBG, a dependence in interlayer
distance on rotational mismatch is detected: In accordance with
theoretical expectation, ∆hAB from Bernal-stacking defines the lower
border of observed values, while evolution over a span of ∼ 3 Å ex-
ceeds the predicted spread. Scattering in AFM-measured ∆h at
small angles is explained via the interplay between out-of-plane su-
perlattice corrugation and the scanning-probe tip. A pronounced
minimum around 25° of rotational mismatch is connected to a there
found lack of commensurate interlayer configurations.

239



6 Conclusions

AFM-measured friction on the surface of TBG is found to exceed
the one from monolayer graphene, breaking the decreasing trend over
layer number as known from fewlayers in Bernal-stacking. This is
ascribed to enhanced pliancy in a TBG stack under the AFM probe
due to superlubric interlayer interaction at incommensurate stacking
configuration. Interestingly, the bended edge is herein found to have
a stabilizing effect, which is reflected in lower measured friction at
larger length of folded interlayer connection.

In addition to the above summarized real-space characterization,
magnetotransport experiments were conducted on a number of sam-
ples to gather information about TBG electronic structure; the focus
is herein lain on small interlayer twist where especially rich electronic
spectra are predicted.

A most commonly applied and experimentally verified interlayer
coupling model describes merging of rotationally displaced Dirac
cones from top and bottom layer in low-energy van-Hove singularities
(vHs). For the high-energy dispersion above the merging point, theo-
retical expectations become controversial: In a scheme of rigorous
backfolding into the superlattice mini-Brillouin zone (mBz), a hole-
like band with Berry phase of zero is predicted[50]. Alternatively,
the merged band structure is found to continue as electron-like past
the formal mBz boundary; here, the topology of a Bernal-stacked
bilayer with Berry phase of 2π is expected[19, 20].

The latter scenario is found to apply for a TBG sample with 2.5°
of rotational mismatch: At small Fermi energy, the (uncontroversial)
signature of two superposed monolayer dispersions is found in longi-
tudinal magnetoresistance. Corresponding charge carrier concentra-
tions are strongly asymmetric between top and bottom layer; Fermi
velocities, rescaled in accordance with theoretical prediction, indi-
cate a pronounced electron-hole asymmetry in the interlayer hopping
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parameter tθ. A commonly applied model, describing the screening
of backgate influence in the TBG top layer is extended to account
for the observed reduction of Fermi velocity at high degree of en-
ergetic layer asymmetry. Fits to the data indicate a large effective
layer separation (corresponding to a small interlayer capacitance),
which is in accordance with former reports on TBG lying on top of
a SiO2-substrate. A device encapsulated between layers of hBN in
contrast, has interestingly been reported to display an unexpectedly
large capacitance instead which is indicative of a low effective inter-
layer distance. The degree in out-of-plane corrugation allowed in a
given substrate environment is discussed as likely reason behind the
identified discrepancies.

Transport signatures in larger Fermi energies reveal the transition
(at unchanged carrier polarities) from two effectively decoupled sys-
tems to a coupled one; in high magnetic fields, the latter exhibits a
Berry phase of 2π and constant Fermi velocity in accordance with
theoretical prediction. A persisting Berry phase of π in low mag-
netic fields is discussed with respect to the above established layer-
asymmetries and according strongly reduced Fermi velocities. The
mechanism of change in Berry phase is linked to a possible jump of
Fermi energy between Landau levels around a critical magnetic field
of transition.

The contrasting high-energy scenario of rigorous backfolding has
recently been demonstrated in a TBG sample of similar interlayer
twist (2°), which was encapsulated between layers of hBN. It is again
tempting to relate the observed distinctions in electronic structure
to the degree of lattice relaxation allowed in a given sample envi-
ronment. The flat lattices of the embedded sample are likely to be
accurately captured by the tight-binding model from ref.[50], where
the continuum approach from ref.[19, 20] might be more suitable for
the freely corrugated case of the here examined TBG on SiO2.
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6 Conclusions

Qualitatively different transport signatures are found in a
number of further TBG samples with smaller interlayer twist;
additional Landau fans in longitudinal resistance indicate the pres-
ence of secondary Dirac singularities in the TBG spectrum. These
may arise in two different electronic scenarios:

For a particular relation in three interlayer hopping terms between
different lattice sites, the rotationally displaced Dirac cones from top
and bottom layer do not merge in a vHs as in the above described,
most commonly applicable model, but generate secondary Dirac sin-
gularities, due to the effective pseudospin structures of the crossing
MLG bands[10] .

Here, a folded structure with 1.6° of rotational mismatch is found
to exhibit three differently pronounced Landau fans in longitudinal
resistance. Spacing between respective origins in charge carrier con-
centration as well as eightfold degeneracy in one of the fans are in
general accordance with this latter, alternative coupling model.

Play-out of different merging scenarios is discussed with respect
to distinctions in superlattice formation as resolved via AFM; the
particular manner of lattice relaxation can herein be expected to
sensitively affect inter-atomic configuration and thus hopping terms
between TBG layers.

The satellite features resolved in the last presented TBG samples
are likely rooted in another electronic scenario:

Periodic recurrence of peaks, modulating a dominant central field-
effect resistance, suggests backfolding of the dispersion at the bound-
aries of a superlattice mBz. As the corresponding central Landau
fan exhibits a fourfold MLG sequence, signatures are reminiscent of
the related material system of graphene on hBN[11].

Special to the discussed samples, the TBG top layer does only
partly cover the bottom and is in contact to just half of the elec-
trical leads, which motivates consideration of the following scenario:
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Transport signatures are dominated by the bottom layer, modulated
by the superlattice potential imposed via varying lattice registry in
interplay with the twisted top layer; the latter itself does not sig-
nificantly take part in electronic transport, as it is largely screened
from backgate influence.

Viewed in conjunction, the here presented experimental studies on
TBG indicate high sensitivity on interlayer stacking configuration in
morphology as well as electronic structure.

At large rotational mismatch, interlayer commensurability is found
to play an important role for TBG interaction.

In small twist angles, it is lattice relaxation in response to long-
wavelength periodicities in interlayer registry, which determines po-
tentially decisive details in interlayer coupling.

An important factor for the particular manner and freedom of in-
terlayer configuration is furthermore identified in the sample´s sub-
strate environment.

The above observations highlight the complexity and riches of the
TBG system, explaining the seemingly controversial outcomes from
different models of theoretical prediction. Thorough consideration
of negligible vs. crucial details in the formulation of the initial TBG
model should therefore be encouraged in future theoretical efforts.
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Appendix

Supplementary Material for: sec. 4.2
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Figure A .1 Bump height ∆b vs. folded length `. Dots mark the
average between data from trace and retrace scan, error bars indicate
the spread between the two. The presented values in ∆b represent
the primary data behind the bending radius r as depicted in fig.4.21.
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Appendix

Supplementary Material for: sec. 5.1
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Figure A .2 Longitudinal resistance in dependence on backgate
voltage UBG and magnetic field B of both polarities; colorscale goes
from 2 kW to 43.7 kW (bottom to top). The overlain blue graph
plots a cross-section at UBG=41.6 V on a resistance axis scaled by
blue numerals to the top. As referred to on p. 190, the depiction
illustrates the symmetry of quantized features in magnetic field. A
small linearly slanted background may be ascribed to contributions
from the classical Hall effect.
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Appendix: sec. 5.1
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Figure A.3 Contributions to the fit in fig.5.4 a, including the poly-
nomial (second order in B) accounting for background resistance
(red). Oscillations (yellow, blue) describe SdH-oscillations in decou-
pled top and bottom layer.
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Figure A.4 a: Effective masses extracted from temperature depen-
dence in the two decoupled layers´ SdH-oscillations (see fig. 5.5) for
various backgate voltages UBG. b: Data from a plotted vs. charge
carrier concentrations n extracted from the frequency of a given os-
cillation via eq. 2.36. Black line indicates evolution of m∗ over n at
graphene´s native Fermi velocity; blue line is a fit of the interrela-
tions in eq. 2.39 to data of layer 1; yellow area indicates range of
uncertainty for fit to data from layer 2.
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Appendix

Supplementary Material for: sec. 5.2
As referred to on p.232, the structure of sample C as presented in
fig. A.5 exhibits principal traits similar to the ones of sample B from
sec.5.2.2 (see fig.5.24): Electrical probes contact the folded TBG on
one and the bare MLG bottom layer to the other side.

contact

2 
µm

TBG

MLG
substrate

contact

Figure A.5 AFM deflection signal from a scan of sample C; different
elementary portions are colored and labeled for clarity. The TBG
area to the top has been folded out of the indicated vacancy during
exfoliation. Contacts are applied in two-probe configuration with
one lead on the fold of the bilayer and one on the bare MLG bottom
layer.

Magnetotransport signatures as presented in fig. A.6 are qualita-
tively equivalent to the ones of sample B (compare figs. 5.25/5.26),
where main satellite features appear in about three times larger in-
tervals of n ≈ 2.9× 1016 m–2 (see bottom of panel c).

In the scenario of backfolding at the mBz boundaries, eq.2.24 finds
a superstructure unit cell area of A ≈ 140 nm2 and a wavelength of
λ ≈ 13 nm. Assuming the Moiré relation, interlayer twist follows as
θ ≈ 1.1° from eq. 2.5.
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Appendix: sec. 5.2
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Figure A .6 Sample C a: Derivative dR/dB; satellite features
are pointed to by yellow arrows. b: FFT of R in B–1; straight
slopes in the primary feature (dashed white lines) suggest an un-
screened, fourfold degenerate MLG dispersion; additional features
are indicated by white arrows. c: Close-ups of resistance for hole
(left) and electron conduction (right) reveal satellites originating at
B=0 T around |n| ≈ 2.9× 1016 m–2. Colorscale spans 11 kW and
600W for left and right panel respectively.
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