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Abstract

Constraint Integer Programming (CIP) is a generalization of
mixed-integer programming (MIP) in the direction of con-
straint programming (CP) allowing the inference techniques
that have traditionally been the core of CP to be integrated
with the problem solving techniques that form the core of
complete MIP solvers. In this paper, we investigate the ap-
plication of CIP to scheduling problems that require resource
and start-time assignments to satisfy resource capacities.
The best current approach to such problems is logic-based
Benders decomposition, a manual decomposition method.
We present a CIP model and demonstrate that it achieves
performance competitive to the decomposition while out-
performing the standard MIP and CP formulations.

Introduction
Constraint Integer Programming (CIP) (Achterberg 2007b;
2009) is a generalization of both finite domain constraint
programming (CP) and mixed integer programming (MIP)
that allows the native integration of core problem solv-
ing techniques from each area. With a CIP solver, such as
SCIP (Achterberg 2009), it is possible to combine the tradi-
tional strengths of MIP such as strong relaxations and cut-
ting planes with global constraint propagation and conflict
analysis. Indeed, SCIP can be seen as a solver framework
that integrates much of the core of MIP, CP, and SAT solv-
ing methodologies.

Our primary goal in this paper is to start a broad investi-
gation of CIP as a general approach to scheduling problems.
While CP tends to be very successful on a variety of schedul-
ing problems, it is challenged by problems that exhibit weak
propagation either due to their objective functions (Kovács
and Beck 2011) or to the need for a cascading series of in-
terdependent decisions such as encountered in combined re-
source allocation and scheduling problems (Hooker 2005).
We are interested to see if CIP techniques can address these
challenges.

Our investigations in this paper focus on problems which
combine resource allocation and scheduling. Given a set of
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jobs that require the use one out of a set of alternative re-
sources, a solution will assign each job to a resource and
schedule the jobs such that the capacity of each resource
is respected at all time points. We address this problem in
CIP by the optcumulative global constraint in SCIP,
extending the cumulative constraint to allow each job to
be optional. That is, a binary decision variable is associated
with each job and resource pair and the corresponding cumu-
lative constraint includes these variables in its scope. This
approach is not novel in CP, dating back to at least (Beck
and Fox 2000). We handle the requirement that exactly one
resource must be chosen for a job in standard MIP fashion
by specifying that the sum of the binary variables for a given
job, across all resources, must be one.

Our experimental results demonstrate that our preliminary
implementation of the optcumulative constraint is suf-
ficient to allow a CIP model to be competitive with the state-
of-the-art logic-based Benders decomposition (LBBD) on
two problems sets with unary and discrete resource capac-
ity, respectively.

In the next section, we formally define the scheduling
problems and provide necessary background on CIP, LBBD,
and the cumulative global constraint which forms the ba-
sis for the optcumulative constraint. We then present
four models of our scheduling problems: MIP, LBBD, CP,
and CIP. The following section contains our empirical inves-
tigations, both initial experiments comparing the four mod-
els and a detailed attempt to develop an understanding of the
impact of primal heuristics for the CIP performance. In the
final section, we conclude.

Background
In this section we introduce the scheduling problem under
investigation and give background on CIP, LBBD, and the
cumulative constraint.

Problem Definition
We study two classes of scheduling problems referred to as
UNARY and MULTI (Hooker 2005; Beck 2010). Both prob-
lems are defined by a set of jobs J , and a set of resourcesK.
Each job has a release date, Rj , a deadline, Dj , a resource-
specific processing time, pjk, a resource assignment cost,
cjk, and a resource requirement, rjk. Each job, j, must be
assigned to one resource, k, and scheduled to start at or after



its release date, end at or before its due date, and execute for
pjk time units. Each resource, k ∈ K, has a capacity, Ck,
and an associated resource constraint which states that for
each time point, the sum of the resource requirements of the
executing jobs must not exceed the resource capacity. A fea-
sible solution is an assignment where each job is placed on
exactly one resource and no resource is over capacity. The
goal is to find an optimal solution, a feasible solution which
minimizes the total resource assignment cost.

In the UNARY problem, the capacity of each resource and
the requirement of each job is one. In the MULTI problem,
capacities and requirements may be non-unary.

Constraint Integer Programming
Mixed integer programming (MIP) and satisfiability testing
(SAT) are special cases of the general idea of constraint pro-
gramming (CP). The power of CP arises from the possibility
to model a given problem directly with a large variety of dif-
ferent, expressive constraints. In contrast, SAT and MIP only
allow for very specific constraints: Boolean clauses for SAT
and linear and integrality constraints for MIP. Their advan-
tage, however, lies in the sophisticated techniques available
to exploit the structure provided by these constraint types.

The goal of constraint integer programming (CIP) is to
combine the advantages and compensate for the weaknesses
of CP, MIP, and SAT. It was introduced by Achterberg and
implemented in the framework SCIP (Achterberg 2009).
Formally a constraint integer program can be defined as fol-
lows.

Definition 1. A constraint integer program (CIP) (C, I, c)
consists of solving

c? = min{cTx | C(x), x ∈ Rn, xj ∈ Z for all j ∈ I}

with a finite set C = {C1, . . . , Cm} of constraints Ci : Rn →
{0, 1}, i = {1, . . . ,m}, a subset I ⊆ N = {1, . . . , n} of the
variable index set, and an objective function vector c ∈ Rn.
A CIP must fulfill the following additional condition:

∀x̂I ∈ ZI ∃(A′, b′) : (1)

{xC ∈ RC | C(x̂I , xC)} = {xC ∈ RC | A′xC ≤ b′}

with C := N \ I , A′ ∈ Rk×C , and b′ ∈ Rk for some k ∈
Z≥0.

Restriction (1) ensures that the sub-problem remaining af-
ter fixing all integer variables is a linear program. Note that
this does not forbid quadratic or other nonlinear, and more
involved expressions – as long as the nonlinearity only refers
to the integer variables.

The central solving approach for CIP as implemented in
the SCIP framework is branch-and-cut-and-propagate: as in
SAT, CP, and MIP-solvers, SCIP performs a branch-and-
bound search to decompose the problem into sub-problems.
Also as in MIP, a linear relaxation, strengthened by ad-
ditional inequalities/cutting planes if possible, is solved at
each search node and used to guide and bound search. Sim-
ilar to CP solvers, inference in the form of constraint prop-
agation is used at each node to further restrict search and

detect dead-ends. Moreover, as in SAT solving, SCIP uses
conflict analysis and restarts. In more detail, CIP solving in-
cludes the following techniques

• Presolving. The purpose of presolving, which takes place
before the tree search is started, is threefold: first, it re-
duces the size of the model by removing irrelevant infor-
mation such as redundant constraints or fixed variables.
Second, it strengthens the linear programming relaxation
of the model by exploiting integrality information, e.g.,
to tighten the bounds of the variables or to improve co-
efficients in the constraints. Third, it extracts information
from the model such as implications or cliques which can
be used later for branching and cutting plane separation.

• Propagation. Propagation is used in the same fashion as
in CP for pruning variable domains during the search.

• Linear Relaxation. A generic problem relaxation can be
defined that includes only linear constraints. The relax-
ation can be solved efficiently to optimality and used in
two primary ways: first to provide a guiding informa-
tion for the search and second as the source of the “dual
bound” a valid lower (upper) bound on the objective func-
tion for a minimization (maximization) problem.

• Conflict Analysis. The idea of conflict analysis is to rea-
son about infeasible sub-problems which arise during the
search in order to generate conflict clauses (Marques-
Silva and Sakallah 1999; Achterberg 2007a) also known
as no-goods. These conflict clauses are used to detect sim-
ilar infeasible sub-problems later in the search. In order to
perform conflict analysis, a bound change which was per-
formed during the search, due to a propagation algorithm
for example, needs to be explained. Such an explanation is
a set of bounds which imply the performed bound change.
The explanations are used to build up so-called conflict
graph which lead to derivation of valid conflict clauses.

A global constraint in the framework of CIP can, but does
not have too, contribute to all of these techniques. For ex-
ample, as in CP, it can provide propagation algorithms for
shrinking variable domains while also adding linear con-
straints to the linear programming relaxation, and supplying
explanations to the conflict analysis reasoning. The minimal
function of a global constraint is to “check” candidate solu-
tions returning whether it is satisfied or not by a given vari-
able assignment.

CIP has been applied to MIP (Achterberg 2009),
mixed-integer nonlinear programming (Berthold, Heinz, and
Vigerske 2009), nonlinear pseudo-Boolean programming
(Berthold, Heinz, and Pfetsch 2009), the verification of chip
designs (Achterberg, Brinkmann, and Wedler 2007), and
scheduling (Berthold et al. 2010). The final paper is most
relevant to the work here. Berthold et al. applied SCIP
to resource-constrained project scheduling problems and
demonstrated that CIP is competitive with the state-of-the-
art in terms of finding both high quality solutions and in
proving lower bounds on optimal solutions. This work forms
one of our motivations for a broader investigation of CIP for
scheduling problems.



Logic-based Benders Decomposition
Logic-based Benders decomposition (LBBD) (Hooker and
Ottosson 2003) is a manual decomposition technique that
generalizes classical Benders decomposition. A problem
is modeled as a master problem (MP) and a set of sub-
problems (SPs) where the MP is a relaxation of the global
problem designed such that a solution to the MP induces one
or more SPs. Each SP is an inference dual problem (Hooker
2005) that derives the tightest bound on the MP cost func-
tion that can be inferred from the current MP solution and
the constraints and variables of the SP.

Solving a problem by LBBD is done by iteratively solv-
ing the MP to optimality and then solving each SP. If the
MP solution satisfies all the bounds generated by the SPs,
the MP solution is globally optimal. If not, a Benders cut is
added to the MP by at least one violated SP and the MP is re-
solved. For models where the SPs are feasibility problems,
it is sufficient for correctness to solve the SPs to feasibility
or generate a cut that removes the current MP solution.

In order for the MP search to be more than just a blind
enumeration of its solution space, some relaxation of the SPs
should be present in the MP model and the Benders cuts
should do more than just remove the current MP solution.

LBBD has been successfully applied to a wide range of
problems including scheduling (Beck 2010; Bajestani and
Beck 2011), facility and vehicle allocation (Fazel-Zarandi
and Beck 2011), and queue design and control problems
(Terekhov, Beck, and Brown 2009).

Models & Solution Approaches
In this section, we define the models used for the UNARY
and MULTI problems for MIP, LBBD, CP, and CIP.

Mixed Integer Programming
One of the standard MIP models for scheduling problems
is the so-called time-indexed formulation (Queyranne and
Schulz 1994). A decision variable, xjkt, is defined, which is
equal to 1 if and only if job j, starts at time t, on resource
k. Summing over appropriate subsets of these variables can
then enforce the resource capacity requirement. The model
we use, taken from (Hooker 2005), is as follows:

min
∑
k∈K

∑
j∈J

Dj −pjk∑
t=Rj

cjk xjkt

s. t.
∑
k∈K

Dj −pjk∑
t=Rj

xkjt = 1 ∀j ∈ J (2)

∑
j∈J

∑
t′∈Tjkt

rjk xjkt′ ≤ Ck ∀k ∈ K, ∀t (3)

xjkt ∈ {0, 1} ∀k ∈ K, ∀j ∈ J , ∀t,
with Tjkt = {t− pjk, . . . , t}.

The objective function minimizes the weighted resource
assignment cost. Constraints (2) ensure that each job starts
exactly once on one resource while Constraints (3) enforce
the resource capacities on each resource at each time-point.

To solve this model, we rely on the default branch-
and-bound search in the SCIP solver (Achterberg 2009).
The default search has been tuned for solving MIP mod-
els and consists of a variety of modern algorithm tech-
niques including: primal heuristics for finding feasible so-
lutions, reliability-based branching heuristics, conflict anal-
ysis, and cutting planes. Details can be found in Achterberg
and Berthold (2009).

Logic-based Benders Decomposition
The LBBD model (Hooker 2005; Beck 2010) defines two
sets of decision variables: binary resource assignment vari-
ables, xjk, which are assigned to 1 if and only if job j is
assigned to resource k, and integer start time variables, Sj ,
which are assigned to the start-time of job j. The former
variables are in the master problem while the latter are in
sub-problems, one for each resource.

Formally, the LBBD master problem (MP) is defined as
follows:

min
∑
k∈K

∑
j∈J

cjk xjk

s. t.
∑
k∈K

xjk = 1 ∀j ∈ J (4)∑
j∈J

xjk pjkrjk ≤ Ĉk ∀k ∈ K (5)

∑
j∈Jhk

(1− xjk) ≥ 1 ∀k ∈ K, h ∈ [H − 1]1 (6)

xkj ∈ {0, 1} ∀k ∈ K, ∀j ∈ J ,

with Ĉk = Ck · (maxj∈J {Dj} −minj∈J {Rj}).
As in the global MIP model, the objective function mini-

mizes the total resource allocation costs. Constraints (4) en-
sure that each job is assigned to exactly one resource. Con-
straints (5) are a linear relaxation of each resource capac-
ity constraint. They state that the area of the rectangle with
height Ck and width from the smallest release date to the
largest deadline must be greater than the sum of the areas of
the jobs assigned to the resource.

Constraints (6) are the Benders cuts. Let H indicate the
index of the current iteration and Jhk denote the set of jobs
that resulted in an infeasible sub-problem for resource k in
iteration h < H . The Benders cut, then, simply states that
the set of jobs assigned to resource k in iteration h should
not be reassigned to the same resource. This is a form of
no-good cut (Hooker 2005).

Because the MP assigns each job to a resource and there
are no inter-job constraints, the SPs are independent, single-
machine scheduling problems where it is necessary to assign
each job a start time such that its time window and the ca-
pacity of its resource are respected. The SP for resource k
can be formulated as a constraint program as follows, where
Jk denotes the set of jobs assigned to resource k:

1For an n ∈ N we define [n] := {1, . . . , n} and [0] := ∅.




