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Abstract

Given the steady increase in cores per CPU, it is only a matter of time
until supercomputers will have a million or more cores. In this article,
we investigate the opportunities and challenges that will arise when try-
ing to utilize this vast computing power to solve a single integer linear
optimization problem. We also raise the question of whether best prac-
tices in sequential solution of ILPs will be effective in massively parallel
environments.

1 Introduction

Prediction is very difficult, especially about the future.
Niels Bohr

Until about 2006, one could rely on the fact that advances in solver algorithms
over time would be augmented by inevitable increases in the speed of the com-
puting cores of central processing units (CPUs). This phenomenon led to two
decades of impressive advances in solvers for linear and integer optimization
problems [12, 30]. Since then, the single-thread performance of processors has
increased only moderately and what meager improvements have occurred are
mainly due to improvements in CPUs such as better instruction processing and
larger memory caches. The raw clock speed of general purpose CPUs has stayed
more or less constant, topping out at 5 GHz with the IBM Power6 CPU. The
increases in clock speed that occurred so reliably for decades have now been
replaced by similar increases in the number of processing cores per CPU. Fig-
ure 1 summarizes CPU development since 1985. Currently, CPUs with 12 cores
are available from AMD and Intel is planning to release specialized CPUs with
50 cores for high-performance computing next year.

Not surprisingly, current trends in supercomputing are focused around the use
of ever increasing numbers of computing cores to achieve increases in overall
computing power. Today, the ten fastest machines in the world (as measured
by the Linpack benchmark) have 180,000 cores on average and it is likely that
a million cores will be available soon. While increased clock speeds contribute
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Figure 1: Clock speed and number of cores for Intel processors from the
80386DX in 1985 to the Westmere-EX in 2011

directly to increases in the performance of a solver over time, it is not as clear
whether increases in the number of processing cores will be equally beneficial.
In general, the challenge of effectively utilizing such complex architectures lies
both in dividing the computation into tasks of roughly equal difficulty and in
ensuring that the data required to perform each of these task is locally available
to the core assigned to perform it. This becomes increasingly challenging as
the number of available cores becomes larger and larger, especially if the set of
tasks is essentially unknown at the outset of the computation.

The natural question that arises is whether and how we can harness such vast
computing power to solve difficult optimization problems. In what follows,
we address this question with respect to integer linear optimization problems
(ILPs), which are optimization problems of the following form:

c⋆ = min cT x, Ax ≤ b, x ∈ Z
n,

where A ∈ R
m×n, b ∈ R

m, and c ∈ R
n. Nevertheless, the discussion applies sim-

ilarly to the solution of a wide range of problem classes for which enumeration
algorithms are generally employed.

Why is it important to think now about what we can do with a million cores?
After all, such systems are not yet available and may even seem fanciful by
today’s standards. We see several reasons to consider this question: First, we
argue below that it is not unreasonable to expect million core systems in the
relatively near future. Currently, a major target in the super computer area
is to build a so-called Exascale machine. By any forecast, these machines will
employ a million cores and more. The main point of concern regarding future
supercomputers is the amount of energy they will consume. The current number
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one supercomputer, the K computer, requires nearly 10 MW, even though it is
considered comparatively energy efficient. Since the amount of energy a CPU
needs grows increasingly with clock speed, there is a trend for future systems to
trade clock speed for cores, i.e. have more but slower cores. This will amplify
the the problems we envision in this paper regarding scaling ILP algorithms.

As it is generally the case that the power of a supercomputer today will become
available in a desktop system within a few years, we may see such computing
power and many-core designs on the desktop within a decade. Even if all this
were not to come to pass, there are important applications, e.g., infrastructure
planning for power, water, and gas networks, where the question is not whether
we can solve the associated models at a reasonable cost with current desktop
computing technology, but rather whether we can solve them by any means at
our disposal.

No matter what the specifics of future computing platforms turn out to be,
it is clear that parallel algorithms able to run effectively in massively parallel
environments will have to be developed if we expect to continue to see advances
in the size and difficulty of ILPs we can solve. It is therefore important to
question what will be different in such an environment. Do the assumptions
we normally make about the way an ILP should best be solved hold in this
environment? It is very likely that this is not the case. We therefore endeavor
to undertake this thought experiment as a means to examine what long-held
beliefs we might have to abandon in order to achieve efficiency in massively
parallel computing environments.

It should be emphasized that what follows is highly speculative and should be
viewed with appropriate skepticism. In order to answer the question posed in
the title, we make assumptions about the future of both computing and opti-
mization technologies based on our best current understanding of the trends.
Performance numbers given in the paper are based on a few preliminary ex-
periments that the authors believe are useful to explain certain trends. These
experiments should, however, be questioned, reproduced, and extended before
drawing further conclusions.

With respect to solution technologies, we address algorithms that are enumer-
ation based, i.e., explore a search tree via a traditional LP-based branch-and-
bound (B&B) algorithm, though many of the ideas we explore here apply to
the more broadly defined class of tree search algorithms, which in turn fall into
the even broader class of algorithms that take a divide-and-conquer approach,
recursively dividing the problem domain to obtain subproblems that can be
solved (more or less) independently of each other. Although such algorithms
appear to be “embarrassingly parallel”, this appearance is deceiving because
the question of how to effectively divide the search space is provably difficult
in itself (see [34]) and must be answered as the solution process evolves. We
address primarily algorithms that derive bounds on subproblems by solving re-
laxations of the original ILP that are (continuous) linear optimization problems
(LPs) obtained by dropping the integrality requirements on the variables. These
relaxations are typically augmented by dynamically generated valid inequalities
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