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Combining NLP and MILP in Vertical Flight
Planning

Liana Amaya Moreno, Zhi Yuan, Armin Fügenschuh, Anton Kaier and Swen
Schlobach

Abstract Vertical flight planning of commercial aircrafts can be formulated as a
Mixed-Integer Linear Programming (MILP) problem and solved with branch-and-
cut based solvers. For fuel-optimal profiles, speed and altitude must be assigned to
the corresponding segments in such a way that the fuel consumed throughout the
flight is minimized. Information about the fuel consumption of an aircraft is nor-
mally given by the aircraft manufacturers as a black box function, where data is
only available on a grid points depending on speed, altitude and weight. Hence,
some interpolation technique must be used to adequate this data to the model. Using
piecewise linear interpolants for this purpose is suitable for the MILP approach but
computationally expensive, since it introduces a significant amount of binary vari-
ables. The aim of this work is to investigate reductions of the computation times by
using locally optimal solutions as initial solutions for a MILP model which is, there-
after solved to global optimality. Numerical results on test instances are presented.

1 Introduction

Fuel-efficient flight trajectory planning has been the focus of researchers over the
years with the objective of helping on one hand, the Air Traffic Management (ATM)
to cope with the constantly growing air traffic flow and on the other hand, the avi-
ation industry to deal with skyrocketing fuel costs. The computation of such a tra-
jectory includes calculating a horizontal (2D) route on the earth’s surface connect-
ing a departure and an arrival point, assigning to this route an admissible altitude

Liana Amaya Moreno, Zhi Yuan, Armin Fügenschuh
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level (1D) and all together guaranteeing that the arrival point is reached within a
strict time window (1D). Due to the computational difficulty of this 4D problem,
it is normally solved by dividing it into two phases: a horizontal and a vertical one
[1]. Moreover, information about fuel consumption is required to optimally assign
speed and altitude to the corresponding trajectory-composing segments in order to
minimize the amount of fuel. This information is commonly given as a black box
function where data is only available on a grid of points depending in general on dis-
crete speed, altitude and weight levels. To handle this type of data different interpo-
lation techniques are used, their selection depends heavily on the solution approach.
Furthermore, these interpolation techniques drastically determine the computation
times of the solution. This study concentrates on the vertical flight planning of com-
mercial aircrafts using a MILP approach. More precisely, we focus on how to reduce
computation times of the proposed MILP model in [7] by providing the MILP solver
with good feasible initial solutions. The key for quickly obtaining such initial so-
lutions is to use nonlinear global interpolants for fitting the fuel consumption data
instead of locally piecewise linear ones.

2 Mathematical Model

A model for the vertical flight planning of a commercial aircraft is presented in [7]
where unit fuel consumption data is available for discrete levels of speed, altitude
and weight. In the absence of wind, the optimal altitude can be computed given
the speed and weight optimal profiles by enumerating all the possible altitudes and
choosing the best one. Hence its calculation does need to be included in the model.
The objective of the model is then to assign to each of the n segments composing the
flight’s trajectory S = {1 . . .n}, a speed vi for i ∈ S and a weight wi for i ∈ S∪{0}
at the corresponding time ti for i ∈ S∪{0}, with ∆ ti for i ∈ S being the time spent
on each segment. Furthermore the middle weight wmid

i for i ∈ S∪{0} of the air-
craft along each segment is also computed to finally calculate the fuel consumption
fi for i ∈ S. Among the parameters we have the segment length Li for i ∈ S, the
minimum and maximum duration of the trip, T and T respectively; W dry denotes
the weight of the loaded aircraft including the contingency fuel. The mathematical
model is as follows:

min w0−wn (1)
s. t. t0 = 0, T ≤ tn ≤ T (2)

∀i ∈ S : ∆ ti = ti− ti−1 (3)
∀i ∈ S : Li = vi ·∆ ti (4)

wn =W dry (5)
∀i ∈ S : wi−1 = wi + fi (6)
∀i ∈ S : wi−1 +wi = 2 ·wmid

i (7)
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∀i ∈ S : fi = Li · F̂(vi,wmid
i ) (8)

The objective function (1) minimizes the fuel consumed throughout the trip calcu-
lated as the difference between the starting weight w0, and the arrival weight wn.
The starting time t0, and the duration between the given bounds is enforced by con-
straint (2). The time consistency is preserved by (3) and the equation of motion is
given by (4). This quadratic constraint can be reformulated as a second-order cone
constraint if equation (2) requires to speed up form the unconstrained fuel-optimal
travel time. Moreover the resulting constraint can further be reformulated using a
system of linear inequalities as introduced by Ben-Tal and Nemirovwski [2] and re-
fine by Glineur [4] (see [7] for more details). As for the weight, equation (5) ensures
that all the fuel is consumed during the flight. The weight consistency is preserved
by (6). The middle weight is computed in (7) which is further used to calculate the
fuel consumption per segment in (8), where F̂(vi,wmid

i ) is the function that interpo-
lates all continue values of v and w within the V ×W grid.

Here we focus on how to reduce computation times of fuel-optimal vertical pro-
files. For this, we first consider the (1)-(8) MILP model presented in [7] where F̂ is a
piecewise linear function denoted by F̂L, obtained using the Lambda Method [3, 5].
In order to reduce the computation times of this model, we provide it with a feasi-
ble initial solution so the solver does’t have to spend time searching for one, which
takes, according to our experiments, a large portion of the total computation time.
This solution besides being feasible is in most cases very close to the optimal one,
given its calculation as follows: we let F̂ be a smooth nonlinear globally interpo-
lated function, F̂N , obtained with conventional surface fitting techniques, assuming
the fuel consumption data is drawn from a nonlinear function. This way we not only
avoid the binary variables introduced by F̂L that contribute, to some extent, to large
computation times but also are able to formulate a Nonlinear Programming (NLP)
model that can be quickly solved to local optimality with common nonlinear solvers.
This locally optimal solution, would only be a partial initial solution to the MILP
model in the sense that all variables are provided except the binary associated to F̂L.
Nevertheless building a complete initial solution from that is not a difficult task, we

a) Piecewise linear interpolant b) Residuals of the nonlinear interpolant

Fig. 1 Unit fuel consumption (kg per nautical mile) for the Airbus 320. On the x-axis the aircrafts
speed (mach number from optimal speed to maximal speed) and on the y-axis the weight (kg).
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simply feed this partial solution the initial MINLP model a let solver calculate the
binary variables. Finally we proceed to solve once more the MILP model starting
from the created initial solution. Figure 1 depicts the above mentioned interpolant
F̂L and the residuals for the interpolant F̂N . On the left side we see the 2D piecewise
linear interpolant, on the right side we see the residuals of the 5 degree polynomial
interpolant, whose Adjusted R-square statistic is approximately 1 (i.e. the model is
able to explain almost 100% of the variation of the data around the mean) and Root
Mean Squared Error (RMSE) is 0.4 which accounts for the standard deviation of the
random component present in the data. Note that these residuals differ at most on a
0.5% from the original data.

3 Numerical Results

The models were written using AMPL as modelling language and solved afterwards
with Gurobi 6.0.0 and SNOPT 7.2-5 for the MILP and the NLP respectively. We
adopted similar test instances as in [7], that is, the aircrafts Airbus 320, 380, Boe-
ing 737 and 772 for two speed up factors from the unconstrained optimal. For each
aircraft several travel distances were tested ranging form 800 Nautical Miles (NM)
for the B737 to 7500 NM for A380 and B772. Each flight is divided into equidis-
tant segments of 100 NM. Table 1 summarizes the features of the test instances.
All instances were solved on a 4-core Intel Core i7 at 2.6 GHz and 16 GB RAM

Table 1 For each instance we listed the optimal and maximal speed (in Mach number), the dry
weight and maximal weight in (kg), the maximal distance (in NM), the number of speed levels |V |
(between optimal and maximal speed) and weight levels |W |.

Type Opt. Speed Max. Speed Dry Weight Max. Weight Max. Distance |V | |W |

A320 0.76 0.82 56614 76990 3500 7 15
A380 0.83 0.89 349750 569000 7500 7 24
B737 0.70 0.76 43190 54000 1800 7 12
B772 0.82 0.89 183240 294835 7500 8 16

computing machine. In the NLP column of Table 3 the computation times to solve
this model are listed. As it can be seen they are extremely fast, it takes SNOPT no
longer than 1.6 seconds to reach local optimality. Another NLP solver, CONOPT
3.15C, was also used to solve the instances and the differences between the solvers
were minimal, with respect to both the objective function and the computation times.
Nevertheless SNOPT was chosen for the further calculation because it performs bet-
ter with bigger models (see Figure 2). A polynomial of degree 2 (whose coefficients
may physically be easier to interpret) was also proposed for F̂N resulting in lower
computation times for the NLP model. However the time differences with respect
to the 5 degree F̂N were not significant while the goodness of fit was very low (not
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enough evidence to support the least-squares fitting assumptions). It is important to

a) Solution times for NLP b) Solution times for MILP

Fig. 2 a) SNOPT vs CONOPT: The points under the green line on the upper tight side of the
plot, represent lower computation times for the solver SNOPT compared to CONOPT. b) MILP-
In.sol vs MILP: The majority of the points are below the green light indicating that in fact the
computation times with the initial solution are lower than without one.

remark that, when comparing the objectives from the NLP and the MILP model they
differ at most in a 0.25%. For the latter model, computation times range from around
0.5 to 50 seconds for smaller aircrafts, for the bigger from 17 to 2586 seconds with-
out providing an initial solution (the results are listed in the MILP column). But the
more interesting results are those for the MILP model with the created initial solu-
tion (these are listed in the MILP-In.Sol column). They correspond to the time used
for computing the initial solution plus the time used to solve the MILP model with
the starting solution to optimality or near-optimality (less than 0.05% gap). These
results suggest that providing the MILP model with an initial solution is definitely
beneficiary for bigger instances (|S|× |V |× |W | > 3000), in average the solver re-
quires only 49% of the time than without an initial solution, see Figure 2 a). For the
instances with 1500 < |S|× |V |× |W | < 3000 on the other hand, the improvement
average is more (about 35%). For small instances (|S|× |V |× |W |< 1500), provid-
ing an initial solution does not help reducing the computation times, on the contrary
it increases them in average (122%). Hence the overhead for handling data clearly
dominated the solution time.

Reducing the computation times for this model could have a great impact on solv-
ing extended versions of this model (more realistic ones). For example, the model
presented in [6] takes into account the influence of the wind in both the vertical and
the horizontal phase, that is, areas with strong tail-wind are pursued and the ones
with strong head-wind are avoided. Similarly to fuel consumption data, wind data
is commonly given as a black function and once more suitable interpolation tech-
niques must be used. It is natural then to expect that adding this feature to the model
increases not only its size but also its complexity and is precisely in this cases where
potential reductions in computation times are of great value.
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Table 2 Computation times (seconds) for the test instances with the two different speed-up factors,
2.5% or 5% and different number of segments |S|. Each segment represents 100 NM.

Aircraft |S| 2.5% Speed Up 5% Speed Up
NLP MILP MILP-In.sol NLP MILP MILP-In.sol

A320

15 0.018 3.521 1.954 0.016 5.115 2.463
20 0.025 13.750 4.577 0.023 18.306 4.231
25 0.042 29.195 7.667 0.076 22.774 7.186
30 0.030 43.318 14.543 0.033 31.031 18.982
35 0.039 54.525 42.734 0.048 50.409 30.142

A380

30 0.123 14.515 18.265 0.148 17.606 14.623
40 0.208 138.755 30.841 0.212 97.241 34.455
50 0.343 136.468 65.821 0.469 168.055 211.726
60 0.636 311.382 175.656 0.707 273.739 187.716
70 1.122 341.211 218.609 1.033 596.243 458.675
75 1.198 413.155 358.756 1.548 348.766 861.872

B737

8 0.012 0.473 0.847 0.012 0.510 0.689
12 0.018 0.846 1.238 0.018 1.188 1.558
15 0.027 2.542 2.539 0.024 3.146 3.369
18 0.034 7.963 7.561 0.038 5.689 6.072

B772

25 0.325 30.769 7.120 0.274 30.582 11.695
35 0.166 49.582 24.406 0.165 76.427 33.243
45 0.350 145.996 41.735 0.310 128.898 51.452
55 0.611 257.124 50.161 0.482 306.332 135.605
65 1.023 492.730 85.266 0.874 641.873 187.851
75 1.175 322.360 192.436 1.202 2586.521 831.517
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