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A general reduction scheme for reactive
transport in porous media
Joachim Hoffmann, Serge Kräutle, Peter Knabner1

Abstract We present a method to transform the governing equations of multi-
species reactive transport in porous media. The reformulation leads to a smaller
problem size by decoupling of equations and by elimination of unknowns, which
increases the efficiency of numerical simulations. The reformulation presented here
is a generalization of earlier works. In fact, a whole class of transformations is now
presented. This class is parametrized by the choice of certain transformation ma-
trices. For specific choices, some known formulations of reactive transport can be
retrieved. Hence, the software based on the presented transformation can be used
to obtain efficiency comparisons of different solution approaches. For our efficiency
tests we use the MoMaS Benchmark Problem on Reactive Transport.

Keywords reactive transport, porous media, reduction of problem size, numerical
simulation, global implicit approach

MSC(2010) 35K57, 35K58, 65Y20

1 Introduction

This work is devoted to efficient numerical simulations of large-scale reac-
tive transport problems in porous media. We present a reformulation of the
given system of partial differential equations (PDEs), ordinary differential
equations (ODEs), algebraic equilibrium equations (AEs) and inequalities
that govern multicomponent reactive transport problems. The reformula-
tion uses linear transformations of the equations and variables. The size
of the govering system of equations is reduced by decoupling of some lin-
ear PDEs and by implicit elimination of local equations (i.e., AEs, ODEs)
and unknowns. The work presented here is based on earlier versions of the
reduction scheme which are proposed in [13, 14, 11].

Let us emphasize that our method is a global implicit approach (GIA)
and does neither use operator splitting nor simplifications of the model.
Operator splitting schemes usually decompose a time step into a transport
problem and a reaction problem. There are two main types, the sequential
non-iterative approach (SNIA) and the sequential iterative approach (SIA).

1Email: kraeutle/knabner@am.uni-erlangen.de
University of Erlangen-Nuremberg, Department of Mathematics, Cauerstr. 11, 91058 Er-
langen, Germany
Submitted: Feb 21, 2012.
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For example the software SPECY uses a non-iterative operator splitting
scheme (see [3]). The drawback of SNIA is the introduction of splitting er-
rors (see e.g. [6]). To circumvent this problem, iterative operator splitting
schemes can be used. For example the software HYTEC uses an iterative
operator splitting scheme (see [22]). However, iterative operator splitting
schemes may need many iteration steps and small time steps to converge in
chemically difficult cases which can impact the effectiency (see e.g. [20]). An
advantage of splitting schemes seems that the implementation might be eas-
ier compared to a reformulation scheme. One GIA method, which is known
for several years, is the direct substitutional approach (DSA). For example
the code MIN3P (see [17]) uses this method. One disadvantage of DSA is
that it leads to a nonlinear system which might be difficult to solve numer-
ically. A recently proposed global implicit approach is to use a differential
algebraic equation (DAE) solver (see [7, 8]). Here the transport equations,
the mass balance equations and the equations describing the chemical equi-
librium are solved in one very large system of equations. The disadvantage
is that this approach seems to lead to larger computation times (see [4]).

Besides the presentation of the reformulation technique, the other aim
of this paper is to give a efficiency comparison to other methods, based on a
demanding benchmark problem [5], which is characterized by strongly non-
linear reactions, variation of concentrations and scales of many magnitudes,
and two space dimensions.

Compared to earlier presentations [14, 9, 10], the reformulation presented
here is more general. In fact, a whole class of transformations is described.
In this class of transformations, not only [14, 9, 10], but also the Morel
formulation [5, 18], which is a common standard for such problems, is found
as a representative.

Hence, with one implementation comparisons between the reduction
scheme and the Morel formulation are possible. That excludes differences
in the CPU time due to the specific implementation and specific computer
systems, etc. We hope that this contributes to unbiased comparisons of the
different methods.

The paper is organized as follows. In Sec. 2 we present the model. It
includes mobile species and immobile species such as sorbed species and
minerals, and it includes both kinetic and equilibrium reactions. In Sec. 3
we develop the reformulation and size reduction technique. Sec. 4 is devoted
to the question if the substitution of local equations into the remaining
equations, which is proposed in Sec. 3, is always possible. Sec. 5 shows that
both the formulation [14] and the Morel formulation [5] are special cases of
the presented general scheme. In Sec. 6 we give numerical results for the
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schemes for the MoMaS benchmark [5]. These results can be seen as an
extension of the results presented in [4, 10].

2 Mathematical model

Our model of multicomponent reactive transport covers both kinetic and
equilibrium reactions, and both mobile and immobile species. The details
are as follows.

2.1 Chemical reactions

Kinetic reactions according to law of mass action

Concerning kinetic reactions according to the law of mass action the rate
term is given by the difference of the forward and the backward reaction
rate (see e.g. [2])

rkin,j(c, c̄) = kf,j

I+Ī
∏

i=1

sij<0

c
−sij
i − kb,j

I+Ī
∏

i=1

sij>0

c
+sij
i (1)

of the chemical reaction. The number of reactions of this type is denoted
by Jkin. The number of mobile and immobile species is denoted by I, Ī,
respectively. In the following we will frequently mark immobile species by a
bar (’c̄i’).

Another kind of kinetic reactions are biodegradation reactions. They can
be described with help of the Monod model. A presentation of the model
and how to apply the reduction mechanism to that type of reactions can be
found in [13, Sec. 5].

Equilibrium reactions according to law of mass action

If the j-th equilibrium reaction can be described by the law of mass action
then the j-th equilibrium condition reads

φj(c, c̄) := − ln(Kj) +
I+Ī
∑

i=1

sij ln(ci) = 0. (2)

In case of equilibrium reactions the corresponding reaction rate req,j is not
known. So req,j gets an additional unknown and the equilibrium condition
(2) is added to the system of PDEs and ODEs as an additional equation.
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Equilibrium minerals

If the j-th equilibrium reaction is a mineral reaction we define

ψj(c) := − ln(Kj) +
I
∑

i=1

sij ln(ci). (3)

For a mineral reaction the equilibrium condition consisting of equations and
inequalities reads (e.g. [12])

(

ψj(c) = 0 ∧ c̄min,j ≥ 0
)

∨
(

ψj(c) > 0 ∧ c̄min,j = 0
)

(4)

where c̄min,j denotes the concentration of that mineral taking part in the
j-th equilibrium reaction. The left part of (4) describes saturation, the right
part describes undersaturation of the fluid with respect to mineral j.

The equilibrium condition (4) can be expressed by

φj(c, c̄min) := min {ψj(c), c̄min,j} = 0 . (5)

The equations (2) and (5) are subsumed to φ(c, c̄) = 0 and added to the
system of PDEs and ODEs, see next section.

2.2 Reactive transport

In matrix notation the system of equations reads

∂t(θc) + Lc = θS1,kinrkin(c, c̄) + θS1,eqreq

∂t(θc̄) = θS2,kinrkin(c, c̄) + θS2,eqreq (6)

φ(c, c̄) = 0

with the Darcy velocity q, the linear transport operator Liui := −∇ ·
(Di∇ui − qui), Lu = diag(Liui), and the stoichiometric matrix

S =

(

S1,eq S1,kin

S2,eq S2,kin

)

.

Some assumptions on the shape of the blocks of this matrix are given in the
next section.

The Scheidegger diffusion/dispersion tensor Di (see [21]) is used to de-
scribe diffusion and dispersion

Di = −(θddiff,i + βt|q|)I + (βl − βt)
q qT

|q| . (7)

This system of equations is widely used for modelling reactive transport
(see, e.g., [19, eq. (19),(1)]).
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3 The general reduction mechanism

The reduction scheme presented here is an extension to the reduction scheme
described in [13], [14], [11] and [10]. To apply the reduction scheme the
assumption that the diffusion coefficient ddiff,i is the same for all species
is needed. This assumption is justified because the molecular diffusion is
usually small compared to the mechanic dispersion.

We arrange the equilibrium reactions in the following order. First we take
the reactions in which only mobile species take part, then the equilibrium
sorption reactions, i.e., heterogeneous without mineral species, and at last
the equilibrium mineral reactions:

S1,eq =
(

S1,mob S1,sorp S1,min

)

,

S2,eq =

(

0 S2,sorp 0
0 0 IJmin

)

(8)

IJmin denotes the identity matrix of the size Jmin. The number of the
reactions of each type is denoted by Jmob, Jsorp and Jmin, respectively. Then
we define the abbreviation S1,het := ( S1,sorp S1,min ). Hence, we get

S1,eq =
(

S1,mob S1,het

)

(9)

Also the immobile species are arranged in a specific order. We take the
nonminerals first and then the minerals c̄ = (c̄nmin, c̄min). The number of
nonminerals2 is named Īnmin.

We assume that both the columns of

(

S1,mob S1,min

)

and of S2,sorp (10)

are linear independent. Furthermore we assume3 that there is a subset of
columns S∗

1,sorp of the columns of S1,sorp and a subset of columns S∗
1,kin of

the columns of S1,kin in such a way that the columns of the matrix
(S1,mob S

∗
1,sorp S1,min S

∗
1,kin) are a maximal system of linear independent

columns of matrix S1 and that all the remaining columns of block S1,sorp

are linear combinations of the columns of S∗
1,sorp, S1,min, S

∗
1,kin (but not of

S1,mob).

2In this work nonminerals always denote all immobile species that are not a mineral.
3This assumption is rather technical. It could be replaced by the simpler assumption

that all columns of matrix (S1,mob S1,sorp S1,min) are linear independent, as it is done in
[11, p.131]. Hence, the assumption after (10) is a relaxation of the assumption made in
[11].
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Now let us incorporate also the kinetic reactions. The matrices S1 and
S2, containing all entries of S connected to mobile and immobile species,
respectively, are of the form:

S1 =
(

S1,eq S1,kin

)

=
(

S1,mob S1,het S1,kin

)

(11)

S2 =
(

S2,eq S2,kin

)

=

(

0 S2,sorp 0 S̃2,kin

0 0 IJmin 0

)

Note that this implies that we assume that an equilibrium mineral does
not participate in any kinetic reaction. So the stoichiometric coefficients in
S2,kin connected to minerals are zero, and it is possible to express S2,kin by
S̃2,kin and a zero block.

Recall that our system (6) reads

∂t(θc) + Lc = θS1

(

req
rkin(c, c̄)

)

(12)

∂t(θc̄) = θS2

(

req
rkin(c, c̄)

)

(13)

φ(c, c̄) = 0 (14)

with the block structure (11) and equilibrium conditions (14) from (2), (5).
In order to prepare the reformulation, we choose matrices S∗

1 and S∗
2

that contain a maximal system of linear independent columns of S1 and S2,
respectively. Because of the linear independence assumption (see (10)) it is
always possible to choose S∗

1 and S∗
2 such that the matrices have the form

S∗
1 =

(

S1,mob S∗
1,het S∗

1,kin

)

∈ R
I×(Jmob+J∗

1,het+J∗

1,kin)

S∗
2 =

(

S2,sorp 0 S∗
2,kin

0 IJmin 0

)

∈ R
Ī×(Jsorp+Jmin+J∗

2,kin)

(15)

where S∗
1,het, S

∗
1,kin and S∗

2,kin consist of some of the columns of S1,het,

S1,kin and S̃2,kin, respectively. The number of columns of S∗
1,het, S

∗
1,kin and

S∗
2,kin is denoted J∗

1,het, J
∗
1,kin and J∗

2,kin, respectively.
Since matrix S∗

i consists of linear independent columns, there is always
a matrix Ai such that

Si = S
∗
iAi i = 1, 2 . (16)
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With the block structure from (11) for S1, S2 and the block structure from
(15) for S∗

1, S
∗
2, and with the assumptions made in (10) and thereafter, we

get (similar as in [14]) for A1 and A2 the block structure

A1 =

(

IJmob
0 A1,mob

0 A1,het Ã1,kin

)

∈ R
(Jmob+J∗

1,het+J∗

1,kin)×(Jmob+Jhet+Jkin) (17)

A2 =





0 IJsorp 0 A2,sorp

0 0 IJmin 0
0 0 0 A2,kin





∈ R
(Jsorp+Jmin+J∗

2,kin)×(Jmob+Jsorp+Jmin+Jkin),

where Jmob+Jsorp+Jmin+Jkin = Jmob+Jhet+Jkin = J is the total number
of reactions.

Transformation of the PDE block

To derive the reduction scheme the block of the PDEs (12) is multiplied

with some matrices S̃
⊥

1

T
and CT

1 . In order to allow the user some freedom

of choice, we do not prescribe specific matrices S̃
⊥

1 and C1. Instead, we give

the following five conditions which have to be met by the matrices S̃
⊥

1 , C1

to be chosen. The conditions are formulated as general as possible. Note
that two different specific choices of the matrices are presented in Sec. 5.
The conditions are:

1. The number of rows of both matrices S̃
⊥

1 ,C1 is I

2. span{S̃⊥

1 ,C1} = R
I

3. All columns of S̃
⊥

1 ,C1 are linear independent

4. All columns of S̃
⊥

1 are orthogonal to all columns of S∗
1 (but it is not

necessary that S̃
⊥

1 is a maximal system of linear independent vectors

that are orthogonal to S∗
1): S̃

⊥

1

T
S∗

1 = 0

5. There is a matrix D1 such that

CT
1 S

∗
1 =

(

IJmob
0

0 D1

)

(18)
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(the block D1 may be rectangular)4

Since the matrix S∗
1 consists of Jmob + J∗

1,het + J∗
1,kin columns, and 4. holds,

the number of columns of S̃
⊥

1 is less than or equal to I−(Jmob+J
∗
1,het+J

∗
1,kin).

Let N∗ be defined by postulating that the number of columns of S̃
⊥

1 is
I − Jmob −N∗. It immediatly follows that J∗

1,het + J∗
1,kin ≤ N∗ ≤ I − Jmob.

From 1., 2. and 3. it follows that the size of the matrix C1 is I×(Jmob+N∗).
Hence, the product (18) has the size (Jmob +N∗)× (Jmob + J∗

1,het + J∗
1,kin).

As a consequence, D1 has the size N∗ × (J∗
1,het + J∗

1,kin).

Multiplying the block of the PDEs (12) by S̃
⊥

1

T
and by CT

1 , and exploit-
ing condition 4, we obtain the two equations

∂t

(

θS̃
⊥

1

T
c
)

+ LS̃
⊥

1

T
c = 0

∂t(θC
T
1 c) + LCT

1 c = θCT
1 S

∗
1A1

(

req
rkin(c, c̄)

)

.

Using condition 5. and the structure of A1 (see (17)) it follows that

∂t

(

θS̃
⊥

1

T
c
)

+ LS̃
⊥

1

T
c = 0 ,

∂t(θC
T
1 c) + LCT

1 c

= θ

(

IJmob
0 A1,mob

0 D1A1,het D1Ã1,kin

)

(

req
rkin(c, c̄)

)

= θ





rmob +A1,mobrkin(c, c̄)

R

(

rsorp
rmin

)

+A1,∗rkin(c, c̄)



 ,

(19)

where
R :=D1A1,het, A1,∗ :=D1Ã1,kin (20)

and where req = (rmob, rsorp, rmin) analogously to the decomposition of
S1,eq in (8). The size of R is N∗ × Jhet and the size of A1,∗ is N∗ × Jkin.

The formulation (19) motivates to introduce the following transformed
variables

η := S̃
⊥

1

T
c , ξ = (ξmob, ξ∗) := C

T
1 c . (21)

4The simplest choice is the following: Let the columns of S̃
⊥

1 be a basis of the orthogonal
complement of the space spanned by the columns of S∗

1, and let C1 = S
∗

1(S
∗

1
T
S

∗

1)
−T ;

then C
T
1 S

∗

1 = IJmob+J∗

1,het
+J∗

1,kin
, i.e., D1 = IN∗

(N∗ = J
∗

1,het + J
∗

1,kin). This choice is

underlying to the method in [14].
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The number of the variables η (reaction invariants) is I − Jmob − N∗, the
number of the variables ξmob is Jmob and the number of the variables ξ∗ is
N∗. Using these new variables (19) reads

∂t(θη) + Lη = 0 ,

∂t(θξ∗) + Lξ∗ = θR

(

rsorp
rmin

)

+ θA1,∗rkin(c, c̄) (22)

and
∂t(θξmob) + Lξmob = θ rmob + θA1,mobrkin(c, c̄). (23)

This last equation is usually dropped together with the unknowns rmob,
which reduces the size of the problem. If desired, this equation can be used
for an a posteriori computation of the rates rmob.

The transformation inverse to (21) obviously reads

c = ( C1 S̃
⊥

1
)−T





ξmob

ξ∗
η



 . (24)

Because of the conditions 2. and 3. the inverse exists. Partitioning the
columns of the inverse analogously to the entries of the vector (ξmob, ξ∗,η)
we write

( C1 S̃
⊥

1
)−T =

(

X Y Z
)

. (25)

where the size of the blocks X,Y ,Z is I×Jmob, I×N∗, I× (I−Jmob−N∗),
respectively. With help of the conditions 4. and 5. one gets

(C1 S̃
⊥

1 )
T S∗

1 =

(

CT
1 S

∗
1

S̃
⊥

1

T
S∗

1

)

=





IJmob
0

0 D1

0 0



 .

Multiplying this equation by (25) from the left we get

S∗
1 =

(

X YD1

)

.

We multiply by A1 and obtain (cf. (16))

S1 =
(

X YD1

)

A1.

Using the block structure of A1 (see (17)) and the definition of the matrices
R and A1,∗ (see (20)) we get

S1 =
(

X YR XA1,mob+YA1,∗

)

.
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In particular (see (11) for the block structure of S1),

X = S1,mob , YR = S1,het =
(

S1,sorp S1,min

)

. (26)

With the left equality and with (25) the inverse transformation (24) can
be rewritten as

c = S1,mobξmob + Y ξ∗ +Zη. (27)

Transformation of the ODE block

We construct a matrix S⊥
2 and a matrix B2. The matrix S⊥

2 consists of
a maximal system of linear independent vectors that are orthogonal to all
columns of S∗

2. We choose a matrix B2 being of the same size as S∗
2, that

fulfills the condition that the columns of B2, S
⊥
2 form a basis of the whole

space. Furthermore B2 should have a block structure like S∗
2 (c.f. (15)),

i.e.,

B2 =

(

∗ 0 ∗

0 IJmin 0

)

. (28)

Note that one possible choice obviously is B2 = S∗
2. Analogously to S⊥

2 a
matrix B⊥

2 is constructed from B2, such that the columns of B⊥
2 form a

maximal system of columns orthogonal to the columns of B2. The orthog-
onality relations imply

S⊥
2
T
S∗

2 = 0, BT
2B

⊥
2 = 0 . (29)

Multiplying the block of the ODEs (13) by5

(S⊥
2
T
B⊥

2 )
−1
S⊥

2
T
and (BT

2 S
∗
2)

−1
BT

2

and applying (16), (29) leads to

∂t

(

θ(S⊥
2
T
B⊥

2 )
−1
S⊥

2
T
c̄
)

= 0 (30)

∂t(θ(B
T
2 S

∗
2)

−1
BT

2 c̄) = θA2

(

req
rkin(c, c̄)

)

This motivates the following definition of new variables:

η̄ := (S⊥
2
T
B⊥

2 )
−1
S⊥

2
T
c̄, ξ̄ := (BT

2 S
∗
2)

−1
BT

2 c̄ (31)

5For a proof that the two inverses exist see [9, Sec. 3.1].
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The variables ξ̄ are partitioned analogously to the partitioning of the columns
of S∗

2 in (15) into

ξ̄ = (ξ̄sorp, ξ̄min, ξ̄kin) =: (ξ̄het, ξ̄kin). (32)

Then (30) reads

∂t(θη̄) = 0 (33)

∂t(θξ̄sorp) = θ(rsorp +A2,sorprkin(c, c̄)) (34)

∂t(θξ̄min) = θrmin (35)

∂t(θξ̄kin) = θA2,kinrkin(c, c̄) . (36)

Hence, we have found some more reaction invariants (33). The variables
η̄, ξ̄sorp, ξ̄min, ξ̄kin have the sizes Ī −Jsorp−Jkin−J∗

2,kin, Jsorp, Jmin, J
∗
2,kin.

For the transformation inverse to (31) we get

c̄ = S∗
2ξ̄ +B

⊥
2 η̄ . (37)

To verify that (37) and (31) are inverse, just substitute the one into the
other and use the orthogonality relations (29).

Since the matrices S∗
2 and B2 are of the form (28), the transformed

variables ξ̄sorp and ξ̄kin in (31) only depend on the upper part c̄nmin of c̄,
but not on the lower part c̄min. Furthermore, since the second column block
of (28) consists of unit vectors, the orthogonality relations (29) lead to the
fact that the last Jmin entries in every column of S⊥

2 andB⊥
2 are always zero.

Hence, also η̄ in (31) only depends on c̄nmin, but not on c̄min, and we can

decompose B⊥
2 into an upper block B̃

⊥

2 and a lower zero block. Using this
and the partitionings (15), (32) we can rewrite the inverse transformation
(37) as

c̄ =

(

S2,sorpξ̄sorp + S
∗
2,kinξ̄kin + B̃

⊥

2 η̄

ξ̄min

)

. (38)

By now, we have transformed system (12)-(14) into (22), (33)-(36), (14), for
the unknowns η, η̄, ξmob, ξ∗, ξ̄het = (ξ̄sorp, ξ̄min), ξ̄kin, where c and c̄ are
expressed by (24)/(27), (38). The equations for η and for η̄ are decoupled
and linear, reducing the size of the remaining nonlinear system. Note that,
while the equilibrium rates rmob are already eliminated (cf. (23)), our aim
will be to eliminate the equilibrium rates rsorp, rmin as well.
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Additional variables

Before we present the final transformed system of equations, let us introduce
additional variables ξ̃ defined by

ξ̃ := ξ∗ −Rξ̄het. (39)

The advantage of these additional variables is discussed in Sec. 4.5.
If we solve equation (39) for ξ∗ and substitute it into the inverse trans-

formation (27), then using (26), the inverse transformation reads

c = S1,mobξmob + Y ξ̃ + S1,hetξ̄het +Zη. (40)

Solving the ODEs (34) and (35) for rsorp and rmin and plugging this in
the PDEs (22) gives

∂t(θξ∗) + Lξ∗

= R

(

∂t(θξ̄sorp)− θA2,sorprkin(c, c̄)

∂t(θξ̄min)

)

+θA1,∗rkin(c, c̄),

which can be rewritten as

∂t(θξ̃) + Lξ∗ = θA∗rkin(c, c̄) (41)

with

A∗ := A1,∗ −R
(

A2,sorp

0

)

. (42)

Note that all the equilibrium rates are eliminated now from the system.
Altogether we obtain the equations

∂t(θη) + Lη = 0 (43)

∂t(θη̄) = 0 (44)

ξ̃ = ξ∗ −Rξ̄het (45)

∂t(θξ̃) + Lξ∗ = θA∗rkin(c, c̄) (46)

∂t(θξ̄kin) = θA2,kinrkin(c, c̄) (47)

φ(c, c̄) = 0 (48)

with

c = S1,mobξmob + Y ξ̃ + S1,hetξ̄het +Zη

(49)
c̄ =

(

S2,sorpξ̄sorp + S
∗
2,kinξ̄kin + B̃

⊥

2 η̄

ξ̄min

)

.
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Compared to (12)-(13), but also to other reformulations used in the litera-
ture, the advantage of system (43)-(48) is that the equations (43) and (44)
decouple from the rest of the system. So the coupled nonlinear system, which
must be solved numerically, is smaller. Counting the PDEs in the nonlin-
ear system (the number of PDEs severely influences the number of nonzero
entries in the Jacobian), we find N∗ many. As pointed out in Footnote 4, a
proper choice of S⊥

1 leads to N∗ = J∗
1,het + J∗

1,kin ≤ Jsorp + Jmin + Jkin =
J − Jmob.

4 Implicit elimination

4.1 The main idea

In order to further reduce the size of the system, we are formally solving
some ’local’ equations (equations without spatial couplings) for some ’local’
variables, and substitute these local variables into the remaining ’global’
equations (PDEs). Hence, we perceive the system (45)-(48) as

f(u,v) = 0
g(u,v) = 0

(50)

with global equations f , local equations g, global variables u, local variables
v. The number of global (local) variables must equal the number of global
(local) equations.

If the second block has a resolution function v = v(u), i.e., the function
v(u) fulfills

g(u,v(u)) = 0 for all u , (51)

then we can rewrite system (50) by the smaller system

f(u,v(u)) = 0 . (52)

The existence of the resolution function v(u) will be checked in Sec. 4.2. To
solve this condensed system (52) for u with Newton’s method, the evalua-
tion of the mapping u 7→ f(u,v(u)), i.e., of v(u), and of the Jacobian of
(52),i.e.,6

J = ∂1f + ∂2fv
′, (53)

are needed for a given Newton iterate u. The evaluation of v(u) can be
done by solving the local problem

g(u,v) = 0 for given u

6
∂1/2 denote the partial derivative with respect to the first/second block of variables
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with Newton’s method, i.e., by a nested Newton iteration. Note that due
to the lack of spatial couplings within g, there is a decoupling in the sense
that the nested Newton iteration can be done mesh point by mesh point.
The derivative v′ is obtained by differentiating (51) with respect to u. This
yields ∂1g + ∂2g v

′ = 0, i.e.,

v′ = −(∂2g)
−1 ∂1g . (54)

See also Sec. 4.4 for some details on the computation of (54). The invert-
ibility of matrix ∂2g is directly related to the existence of the resolution
function, cf. Sec. 4.2. Note that ∂2g is also the Jacobian of the local prob-
lem.

4.2 Existence of the resolution function

We consider equations (47)-(48) to be local and (45)-(46) to be global in the
sense of Sec. 4.1. The unknowns are split into local unknowns

v = ξloc := (ξmob, ξ̄sorp, ξ̄min, ξ̄kin) (55)

and global unknowns
u = ξglob := (ξ̃, ξ∗) . (56)

Now we want to prove the existence of a resolution function ξloc(ξglob)
defined by the equations (47)-(48) (after time discretization of (47) with
the implicit Euler method) and (c, c̄) given by (49). Note that the resolu-
tion function ξloc(ξglob) does not depend on the variables ξ∗ because these
variables do not appear in the equations (47)-(48) and in the inverse trans-
formation (49). Hence, we want to show that the equations (48) and

φkin := ξ̄kin − ξ̄kin,old −∆tA2,kinrkin(c, c̄) = 0,

which is the time-discretized version of (47), have a resolution function

ξ̃ 7→ (ξmob, ξ̄sorp, ξ̄min, ξ̄kin)

We assume that a positive lower bound for the concentrations exists. The
following proof is adapted from [14, Appendix]. To apply the implicit func-
tion theorem, we have to check that the matrix

∂(φmob,φsorp,φmin,φkin)

∂(ξmob, ξ̄sorp, ξ̄min, ξ̄kin)
, (57)
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which is ∂2g, is invertible. For that purpose the equilibrium mineral reac-
tions are split into inactive (index I) and active (index A) reactions:

S1,min =
(

S1,min,I S1,min,A

)

A reaction is called inactive when in min{− ln(Kj)+
∑I

i=1 smin,ij ln(ci), c̄min,j}
the minimum is attained in the first argument and otherwise called active.

In a first step, we consider matrix (57) in the limit case ∆t = 0. For this
case we obtain that the matrix (57) reads as in Table 1, where we have used
the diagonal matrices

Λ = diag(1/c1, . . . , 1/cI) ,

Λ̄nmin = diag(1/c̄I+1, . . . , /c̄I+Īnmin
) .

We can rewrite that matrix from Table 1 as

Table 1: Jacobian (57) of the local problem in the limit case ∆t = 0.
∂(φmob,φsorp,φmin,φkin)

∂(ξmob,ξ̄sorp,ξ̄min,ξ̄kin

=















∂φmob
∂c S1,mob

∂φmob
∂c S1,sorp

∂φmob
∂c S1,min 0

∂φsorp

∂c S1,mob
∂φsorp

∂c S1,sorp +
∂φsorp

∂c̄nmin
S2,sorp

∂φsorp

∂c S1,min 0
∂φmin

∂c S1,mob
∂φmin

∂c S1,sorp
∂φmin

∂c S1,min +
∂φmin

∂c̄min
0

0 0 0 I















=













ST
1,mobΛS1,mob ST

1,mobΛS1,sorp ST
1,mobΛS1,min 0

ST
1,sorpΛS1,mob ST

1,sorpΛS1,sorp + S
T
2,sorpΛ̄nminS2,sorp ST

1,sorpΛS1,min 0

ST
1,min,IΛS1,mob ST

1,min,IΛS1,sorp ST
min,IΛS1,min 0

0 0
(

0 IA
)

0
0 0 0 I













∂(φmob,φsorp,φmin,φkin)

∂(ξmob, ξ̄sorp, ξ̄min, ξ̄kin)
=





M1 M2 0
0 IA 0
0 0 IJ∗

2,kin



 (58)

with

M1 = QT Λ̃Q , Λ̃ =

(

Λ 0
0 Λ̄nmin

)

,

Q =

(

S1,mob S1,sorp S1,min,I

0 S2,sorp 0

)

, (59)
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M2 =





ST
1,mob

ST
1,sorp

ST
1,min,I



ΛS1,min,A .

Due to the linear independence assumption (see after (10)) the columns
of the matrix Q are linear independent. Hence, matrix M1 is symmetric
positive definite because the diagonal matrix Λ̃nmin only has positive entries.
Hence, matrix (58) is invertible.

For sufficiently small ∆t we use a continuity argument, exactly as in [14],
to finish the proof.

Using this resolution function and assuming that the decoupled equations
(43) and (44) are solved, (43)-(48) can be reduced to the condensed system
(cf. (52))

ξ̃ = ξ∗ −Rξ̄het(ξ̃) (60)

∂t(θξ̃) + Lξ∗ = θA∗r̃kin(ξ̃). (61)

The reaction rates rkin are written as a function of ξ̃. This can be achieved
by (49) and the resolution function. Comparing with (43)-(48) one can see
that the number of coupled equations is reduced drastically. This nonlinear
system will be used for the numerical computations. Contrary to DSA
there is no nonlinearity under the transport operator. That is an advantage
because it is known that a nonlinearity under the differential operator may
cause numerical problems; at least it produces many nonzero entries in the
Jacobian.

4.3 The local problem seen as a minimization problem

It is well known that mass action reactions are closely related to the min-
imization of the so-called Gibbs free energy. We want to show that in our
formulation the local problem can be regarded as a convex minimization
problem, provided that there are no variables ξ̄kin (i.e., J∗

2,kin = 0). In [11,
Sec. 2.4.4] this consideration is done for the special case that there are no
equilibrium minerals and for a formulation that comes without the addi-
tional variables ξ̃.

First we define the functional

G(c, c̄) :=
I
∑

i=1

µi(ci)ci +
I+Ī
∑

i=I+1

µ̄i(c̄i)c̄i
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where

µi(ci) := µ0,i − 1 + ln(ci)

µ̄i(c̄i) :=

{

µ̄0,i−1+ln(c̄nmin,i), i=I+1, ..., I+Īnmin

µ̄0,i, i = I+Īnmin+1, ..., I+Ī ,

where the vector (µ0, µ̄0) ∈ R
I+Ī is a solution of the linear system

ST
eq

(

µ0

µ̄0

)

= − ln(K) . (62)

We calculate

∇G(c, c̄) = (µ0, µ̄0,nmin, µ̄0,min) + (ln(c), ln(c̄nmin),0) .

We see that the Hessian D2G = diag( 1
c1
, ..., 1

c̄I+Īnmin

, 0, ..., 0) is positive

semidefinite. So it follows that G as a function of (c, c̄) is a convex func-
tional.

With help of the inverse transformation (49) and for given values for
the variables η, ξ̃, η̄ we can write G as a function of the local variables
ξmob, ξ̄sorp, ξ̄min. Remember that in this subsection we assume that there
are no variables ξ̄kin. Also as a function of (ξmob, ξ̄sorp, ξ̄min) G is a convex

function. This can be seen as follows. Using the fact that ∂(c,c̄)

∂(ξmob,ξ̄sorp,ξ̄min)
=

Seq, which follows immediately from (49), we compute

∇
(ξmob,ξ̄sorp,ξ̄min)

G = ST
eq∇(c,c̄)G

= ST
eq





µ0

µ̄0,nmin

µ̄0,min



+ ST
eq





ln(c)
ln(c̄nmin)

0



 .
(63)

For the Hessian of G we get

D2

(ξmob,ξ̄sorp,ξ̄min)
G = ST

eqΛSeq (64)

with Λ = diag( 1
c1
, ..., 1

cI
, 1
c̄I+1

, ..., 1
c̄I+Īnmin

, 0, ..., 0). We know that the ma-

trix ST
eqΛSeq is positive semidefinite because Λ is a diagonal matrix with

nonnegative entries. Hence G as a function of (ξmob, ξ̄sorp, ξ̄min) is a convex
functional.

Now we consider the constrained minimization problem

min G(ξmob, ξ̄sorp, ξ̄min)

s.t. ξ̄min ≥ 0 .
(65)
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The Lagrangian of this minimization problem reads

L(ξmob, ξ̄sorp, ξ̄min,ν) = G(ξmob, ξ̄sorp, ξ̄min)− ξ̄min · ν .
Using (63) and (62) we get for the associated KKT system

0 = ∇
(ξmob,ξ̄sorp,ξ̄min)

L

= ST
eq





µ0

µ̄0,nmin

µ̄0,min



+ ST
eq





ln(c)
ln(c̄nmin)

0



+





0
0
−ν





= − ln(K) + ST
eq





ln(c)
ln(c̄nmin)

0



+





0
0
−ν





=





φmob(c)
φsorp(c, c̄nmin)

ψmin(c)



+





0
0
−ν



 ,

νj ξ̄min,j = 0, ξ̄min,j ≥ 0, νj ≥ 0, j = 1, . . . , Jmin

where the entries of ψmin are defined according to (3). Hence the mini-
mization problem (65) is equivalent to solving the equilibrium conditions
(48). So the resolution function ξloc(ξglob) of the previous subsection can
also be defined as the solution of the constrained minimization problem (65)
if there are no variables ξ̄kin. The difference to [11, Sec. 2.4.4], where the
additional variables ξ̃ are not used, is that we can write the local problem as
one minimization problem while in [11] there are two coupled minimization
problems are needed.

Note that the Hessian (64) can be written as

D2

(ξmob,ξ̄sorp,ξ̄min)
G = Ŝ

T
eq diag

(

1
c1
, ..., 1

c̄I+Īnmin

)

Ŝeq ,

Ŝeq =

(

S1,mob S1,sorp S1,min

0 S2,sorp 0

)

.

From the assumption (10) we know that the columns of Ŝeq are linear in-
dependent. As a consequence, the Hessian ist strictly positive definit, i.e.,
the constrained minimization problem is strictly convex. From this we can
derive that the solution of the local problem is unique.

4.4 Calculation of matrix v′ for the reduction scheme

In order to use the reformulation of Sec. 3 with the implicit elimination of
Sec. 4.1-4.2, we have to compute the matrix v′ (see (54)) to apply a Newton
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step for (52). Instead of computing v′ exactly, we will use an approximation.
Note that the usage of an approximate v′ does not affect the accuracy of
the solution of the time step; it might only affect the convergence of the
Newton iteration, if the approximation is poor. We assume that kinetic rate
terms, since they contain a factor ∆t, are sufficiently small to be neglected
for the computation of v′. This means that within the computation of v′,
we replace any occurence of ∆t by zero.

To compute v′, i.e., D
ξ̃
(ξmob, ξ̄sorp, ξ̄min, ξ̄kin), by formula (54) we need

the matrices

∂2g =
∂(φmob,φsorp,φmin,φkin)

∂(ξmob,ξ̄sorp,ξ̄min,ξ̄kin)
,

∂1g =
∂(φmob,φsorp,φmin,φkin)

∂ξ̃
.

With the approximation described above, we obtain ∂2g by the formulas
(58)-(59).

Analogously we can calculate that

−∂1g = −
∂(φmob,φsorp,φmin,I ,φmin,A,φkin)

∂ξ̃

=





QT Λ̃C
0

IJ∗

2,kin



 with C =

(

−Y
0

)

.

Because of the block structure of ∂1g and of ∂2g we obtain that the matrix

v′ has a block structure





U

0
IJ∗

2,kin



 where U is the solution of the linear

systems
QT Λ̃QU = QT Λ̃C , (66)

to be solved at every mesh point. U contains the derivatives D
ξ̃
(ξmob, ξ̄sorp,

ξ̄min,I). The matrix of the linear systems QT Λ̃Q is symmetric and positive
definite and hence it is always invertible.

4.5 Benefit of the Additional Variables

In the end of Sec. 3 we introduced the additional variables ξ̃, which were
not present in earlier versions of the reformulation method. Let us motivate
this.
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We need the matrix v′ = Dξglob
ξloc to solve the condensed system (60)-

(61). With introduction of the additional variables, it turns out that the
entries of this matrix, i.e., the entries of U (cf. Sec. 4.4) are bounded inde-
pendently of concentration values and reaction constants (see [9, Sec. 3.5.1]
for a proof). This would not be the case for matrix v′ without the additional
variables ξ̃. As a consequence of the boundedness, for the MoMaS model
problem, one equilibrium sorption reaction and in the limit case ∆t = 0,
one can prove for the condition number of the Jacobian matrix (53) that

κ(J) ≤ (1 +
√
5)

2
/4 (see [9, Sec. 3.5.2]). Without the additional variables ξ̃

the condition number for large K (K: nonlogarithmized reaction constant)
is κ(J) ≈ 4K (see [9, Sec. 3.6.1]). In realistic problems reaction constants
can have very large values, such as K = 1035. So the additional variables
are mandatory for many realistic problems.

5 Choice of the Transformation Matrices

In the following we will give two specific choices for the transformation

matrices C1, S̃
⊥

1 ,B2,B
⊥
2 of Sec. 3.

The first choice allows to establish a close connection to the well known
Morel formulation. Hence, the computer code for the reaformulation tech-
nique can be used to simulate Morel-based algorithms.

The second method minimizes the number of remaining coupled PDEs
and coincides with the reformulation presented in [9] and is similar to the
version given in [14].

5.1 Morel formulation as special case of general reduction

scheme

If there are no kinetic reactions, then in the Morel formulation the stoi-
chiometric matrix has the form (see [10] for the notation used in the Morel
formulation)

S =













C A D

−IJmob
0 0

0 B̂ 0
0 −IJsorp 0
0 0 −IJmin













,
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and some variables T ,TM ,T F ,W denoting the so-called total, total mobile,
total fixed and constant concentrations. It is possible to achieve that

ξ̃ = T , ξ∗ = TM , Rξ̄het = −T F , η̄ =W ,

giving our variables ξ̃, ξ∗, η̄ the concrete meaning of the total, the total
mobile, and the constant concentrations.

For this purpose one has to choose the transformation matrices

C1 =

(

0 IN∗

−IJmob
CT

)

, S̃
⊥

1 empty matrix (67)

B2 =





0 0
IJsorp 0
0 IJmin



 , B⊥
2 =





I Ī−Jsorp−Jmin

0
0



 (68)

with N∗ = I −Jmob. Note that the matrix S̃
⊥

1 consists of zero columns, and
so there will be no decoupled PDEs. This is of course a disadvantage for
efficient numerical computations. For the variables ξ defined in (21) it holds

(

ξmob

ξ∗

)

= CT
1 c =

(

0 −IJmob

IN∗
C

)(

cprim
csec

)

=

(

−csec
cprim +Ccsec

)

.

In particular, one gets the coincidence ξ∗ = cprim+Ccsec = TM . The above
choice of B2, B

⊥
2 leads to

ξ̄sorp = −c̄nmin,sec , ξ̄min = −c̄min , η̄ =W .

Since all columns of S1 are linear independent there is S∗
1 = S1 and A1 =

IJeq . So by computing the matrix product

CT
1 S

∗
1 =

(

0 −IJmob

IN∗
C

)(

C A D

−IJmob
0 0

)

=

(

IJmob
0 0

0 A D

)

ones sees with the definitions of the matrices D1 (18) and R (20) that

R =
(

A D
)

.
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Using this we obtain for ξ̃ defined in (39) that

ξ̃ = ξ∗ −Rξ̄het = ξ∗ −
(

A D
)

ξ̄het

= cprim +Ccsec +Ac̄nmin,sec +Dc̄min.

Therefore ξ̃ = T and Rξ̄het = −T F hold.
With help of these identities it is easy to see that also the Morel equations

∂t(θT ) + LTM = 0

T = TM + T F (c̄nmin,sec, c̄min)

∂t(θW ) = 0

φ(c, c̄) = 0

coincide with ours. Using the reduction scheme one has a resolution func-
tion ξ̄het(ξ̃). Using the identities between the total concentrations and the
transformed variables one gets a resolution function T F (T ).

Plugging in this resolution function gives

∂t(θT ) + LTM = 0

T = TM + T F (T ) .

Solving this system is called global-ODE approach (see [8]). The formulation
used here is very similar to the formulation in [1]. The only difference is that
the equation T F = ψ(T ), appearing in the formulation of [1], is plugged into
the other equations of the formulation.

5.2 The standard version of the reduction scheme as special

case of the general reduction scheme

To get the standard version of the reduction scheme, as it is presented in
[9, 10], and similar in [13, 11], proceed as follows. Choose a matrix S⊥

1 such
that its columns form a basis of the orthogonal complement of the range of
S∗

1. Then let B1 be a matrix such that the columns of B1 and of S⊥
1 form

a basis of RI (so B1 = S∗
1 is a possible choice)7. Then construct B⊥

1 from
B1 in the same way S⊥

1 is constructed from S∗
1. Then set

S̃
⊥

1

T
= (S⊥

1
T
B⊥

1 )
−1
S⊥

1
T
, CT

1 = (BT
1 S

∗
1)

−1
BT

1 . (69)

For this choice S̃
⊥

1 is a maximal system of linear independent vectors orthog-
onal to the range of S∗

1. Hence, the size of η, i.e., the number of decoupling

7In [13, 14], B1 = S
∗

1 and B
⊥

1 = S
⊥

1 is taken.
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PDEs, becomes maximal for this choice. We further get D1 = IN∗
(see

(18)) and, using (20),
R = A1,het. (70)

Comparing the definitions of the transformed variables for the generalized
formulation (21) and the standard formulation in [10, 9, 11] we have the
equality

ξ∗ = (ξsorp, ξmin, ξkin). (71)

Using all this and the definition of A1,∗ (cf. (20)) one sees that the PDEs
(22)

∂t(θξ∗) + Lξ∗ = θRξ̄het + θA1,∗rkin(c, c̄)

are identical to the equations

∂t(θξsorp) + Lξsorp = θ(rsorp,li +A1,sorprkin(c, c̄))

∂t(θξmin) + Lξmin = θ(rmin +Aldrsorp,ld +A1,minrkin(c, c̄))

∂t(θξkin) + Lξkin = θA1,kinrkin(c, c̄) .

in [9, Eq. (3.19)-(3.21)].
Furthermore, for Y ,Z defined in (25) the equations

Y =
(

S∗
1,het S∗

1,kin

)

, Z = B⊥
1

hold. Plugging R (70) and the partitioning of ξ∗ (71) in the definition of
the additional variables (39) of the generalized reduction scheme and using
the fact that

A1,het =





IJsorp,li 0 0

0 Ald IJmin

0 0 0





in the case of the standard formulation of the reduction scheme (com-
pare (17) with [9, Eq. (3.10)]) gives





ξ̃sorp
ξ̃min

ξ̃kin



 =





ξsorp
ξmin

ξkin



−





ξ̄sorp,li
Aldξ̄sorp,ld + ξ̄min

0



 .

Here we find a tiny difference to the standard formulation of the reduction
scheme as it is presented in [9, (3.39)] and [10, (18)] where the additional
kinetic variables ξ̃kin do not appear. However, in the general formulation
we just doubled these variables ξ̃kin = ξkin.
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6 Numerical Results

In this section we are going to compare the performance of the reformulation
in the version which is called the ’standard formulation’ in the previous
section, to other numerical methods.

For all numerical computations we use the so-called “2-D advective easy
test case” of the numerically challenging MoMaS benchmark. See [5] for a
description of the benchmark.

In Sec. 6.1 we compare our performance results with those given by other
groups. In Sec. 6.2 we try to simulate other numerical methods by our code
in order to present results which were obtained using the same numerical
kernel for all methods.

6.1 Comparison of the CPU time with other groups

A detailed comparison of the easy test case results of all participants of the
benchmark can be found in a synthesis article [4]. So here only a short
summary will be given.

For the “2D advective easy test case”, three groups presented results.
Lagneau and van der Lee presented results computed with the code HYTEC
(see [15]), which uses iterative operator splitting (SIA). Mayer and MacQuar-
rie presented results computed with the code MIN3P (see [16]), which uses
the direct substitutional approach (DSA). Hoffmann, Kräutle and Knabner
presented results using the presented reformulation method, Sec. 5.2 (for the
specific matrices B1,B

⊥
1 ,B2,B

⊥
2 see [10]). In Fig. 1 the normalized CPU

times of the three participants in dependence on the number of cells can be
seen. This figure is taken from [4].

The other groups give results only for coarser grids (in our opinion too
coarse grids, see Sec. 6.3). By extrapolating the lines in Fig. 1 one can
estimate that the reduction scheme is faster by a factor greater than five
compared with the second fastest code.

The main drawback of DSA is that it leads to a nonlinear system which
is difficult to solve numerically because the reaction constants appear in the
global system. This is avoided by using the resolution function from Sec. 4.
Hence using the resolution function seems to be the preferable method to
reduce the number of equations in the global system. Another drawback of
DSA is that the decoupling of linear PDEs is not possible. A discussion of
the drawbacks of SIA can be found in the following section.
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Figure 1: CPU time in the 2D “advective easy test case”

6.2 Comparison of the CPU time with other methods

In this section the universality of the implementation of the reduction scheme
(see Sec. 3) is used to compare the CPU times of the reduction scheme with
those of the global–ODE approach and those of iterative operator splitting.
The time step size is chosen adaptively, based on the number of Newton
steps.

In a first comparison the variables and equations of the reduction scheme
are used, but the η-equations are added to the global problem and so are
solved simultaneously with the global problem, i.e., the decoupling of the
η-equations is not exploited by the numerical solver. By doing so one can
see the saving of CPU time gained by the decoupling of the η-equations. In
Table 2 these results are named “no decoupling of η-equations”.

To obtain the global–ODE approach with the implementation of the
generalized reduction scheme one has to choose C1 according to (67).

To do SIA with the generalized reduction scheme one has to use same
matrix C1 as in global–ODE approach, but has to do some modifications
in the implementation. The main thing is to comment out the terms with
Dξglob

ξloc in the Jacobian and to plug equation (45) into (46).

Moreover a stopping criterion for the SIA iteration has to be chosen. For
SIA we use the same type of stopping criterion as we use for the reduction
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scheme and the global-ODE approach, i.e.,

|r| < max{Eps, |r0|Red} (72)

where r0 is the initial residual and Eps, Red are user specified parameters.
However, in order to get a result in finite time, we had to relax the criterion
for SIA by multiplying Red by a factor of ten and multipying Eps by a
factor of 100 or 200, i.e., we tried two different values Eps = 2 · 10−8, 10−8.

All computations presented are done with the same implementation
based on M++ (see [23]), and a FV stabilization with exponential upwinding
is used because of the convection dominance.

In Table 2 the CPU time, the number of time steps and the average
number of global Newton steps (iteration steps in the case of SIA) are given.

Table 2: CPU time, time steps, Newton steps (for SIA: iteration steps) for
different methods

cells
CPU
time

time
steps

Newton
steps

reduction scheme 26880 6260.5 12921 2.14
reduction scheme 38016 11269.3 14602 2.51

no decoupling of η-equations 26880 10266.0 13123 2.15
no decoupling of η-equations 38016 18498.8 14779 2.52

global–ODE approach 26880 10844.5 13077 2.25
global–ODE approach 38016 19647.9 14986 2.63
SIA (Eps = 2 · 10−8) 9504 12031.0 14979 15.3

SIA (Eps = 10−8) 9504 14404.3 16726 17.1
SIA (Eps = 2 · 10−8) 26880 35437.4 15680 16.6

SIA (Eps = 10−8) 26880 42782.3 17949 18.4

Comparing the results of the reduction scheme and the case “no de-
coupling of η-equations” one can see that the gain of CPU time by the
decoupling of the η-equations is a bit more than one third. Furthermore
it can be seen, if one does not want to use the reduction scheme, then the
global–ODE approach is the best thing one can do.

The SIA approach has two drawbacks. The first one is that the CPU
time is much higher than for all the other methods. Compared with the
reduction scheme the CPU time is higher by a factor greater than five.
The second drawback of the SIA approach is that it is not possible to get
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solutions that are as precise as the solutions of the other methods because
it is not feasible to choose the same stopping criterion. Using SIA it is
necessary to enlarge the stopping parameter Eps, i.e., the error, by a factor
of about one hundred, because otherwise the convergence gets so slow that
the method is practically unusable. How much more CPU time is needed
when the stopping parameter Eps is diminished only by a factor of two is
displayed in Table 2.

Analyzing the SIA method one sees that it has a linear convergence be-
havior like it is expected for a fixed point method. After some iteration steps
(about five) in each iteration the residual is reduced by an approximately
constant factor. The reason why a severe stopping criterion is practically
unusable is that sometimes this factor is only 1.3 depending on the problem
and the time step size. Then it would take 18 iteration steps to reduce the
residual by a factor of one hundred.

6.3 Grid convergence

The implementation of the reduction scheme also runs on parallel computers.
So the use of very fine grids is possible. Furthermore the implementation is
done for unstructured grids. So pre-adapted grids can be used. A suitable
pre-adapted grid is shown in Fig. 2.

To check the convergence of the method a reference solution on a fine,
pre-adapted grid with 608256 cells is computed and the differences between
the solutions and the reference solution measured in the discrete L2-norm
are computed (see Table 3). We observe a numerical convergence order of
h2/3. Since the given permeability is discontinuous, the water flow has only
low regularity. The dispersion tensor depends on this flow. So the solution of
the transport problem has very low regularity. Hence, such a low numerical
convergence order is not really surprising.

Table 3: L2-error for different grids with respect to the reference solution

number of pre- error
cells adapted in discrete L2-norm

26880 no 0.0120
107520 no 0.0076

38016 yes 0.0100

Most streamlines go through the high velocity zone (1 ≤ x ≤ 1.1, 0.9 ≤
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Figure 2: Water flow (top) and grid refined in the high velocity zone and
near the outflow (bottom)

y ≤ 1.0) (see Fig. 2). Hence, the number of cells in this part of the grid
is crucial for the accuracy of the solution in the right half of the domain.
The numbers of cells in y-direction in the high velocity zone are 64 for the
reference solution, 8 for the grid with 26880, 7 for the grid used by HYTEC,
10 for the grid used by MIN3P (in the case ’without CPU time limitation’;
in the case ’with CPU time limitation’ a coarser grid was used; see [4] for
the grids used by HYTEC and MIN3P), 4 for the grid used by GDAE2D
(see [7]). The grid used to compute the reference solution is the only pre-
adapted grid in this list. All other grids are regular grids.

The grid with 26880 cells is comparable with the grids used by HYTEC
and MIN3P. There are considerable differences between the solution on the
grid with 26880 cells and the reference solution, especially between x=1 and
1.2 at the bottom, and concerning the extent of the red zone on top right
(see Fig. 3). Hence, a mesh with this seems too coarse to give good results
on the right-hand side of the domain.

The possibility to use a sufficiently fine mesh (our reference solution) we
owe to the high computational efficiency of the reduction method.

So in the “2D advective test case” of the MoMaS benchmark the im-
plementation of the reduction scheme was the only code able to compute a
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Figure 3: ComponentX3 at time 1000. Grid with 26880 cells (top), reference
solution with 608256 cells (bottom).

solution on a sufficiently fine mesh, up to now.

7 Conclusions

The reduction scheme decreases the number of coupled equations and with
it the CPU time significantly. It is possible to apply the method to realis-
tic problems with large reaction constants and concentrations ranging over
many orders of magnitude. The numerically challenging MoMaS bench-
mark was solved successfully. In this benchmark the reduction scheme is
more than five times faster than the software of the second fastest group.
Compared with the standard methods SIA and DSA, the reduction scheme is
more efficient for this type of problem. Due to the efficiency of the reduction
scheme, simulations on finer grids are accomplishable even on standard PCs.
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For realistic 2D problems such fine grids are necessary to get an accurate
solution.
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