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2.3



ρ
∂v

∂t
+ ρ(v · ∇)v − μΔv + grad(p) = ρg Ω× (0, T ),

div(v) = 0 Ω× (0, T ),

v(·, 0) = v0 Ω,

v = vD ΓD × (0, T ),

−pn+ μ(n · ∇)v = ρh ΓN × (0, T ),

v : Ω× (0, T ) → R
d p : Ω× (0, T ) → R

T > 0 Ω ⊂ R
d d = 2, 3

∂Ω = ΓD ∪̇ ΓN

v0 : Ω → R
d vD : ΓD × (0, T ) → R

d

g : Ω× (0, T ) → R
d h : ΓN × (0, T ) → R

d

n : ∂Ω → R
d ρ

μ

(v, p) �→ (v − v̄, p− p̄),



(v, p)
(v̄, p̄)

∂v̄

∂t
+ (v · ∇)v̄ − μΔv̄ + grad(p̄) = r(v, p) Ω× (0, T ),

div(v̄) = div(v) Ω× (0, T ),

v̄(·, 0) = 0 Ω,

v̄ = 0 ΓD × (0, T ),

−p̄n+ μ(n · ∇)v̄ = 0 ΓN × (0, T )

r

r(v, p) :=
∂v

∂t
+ (v · ∇)v − μΔv + grad(p)− g.

(v̄, p̄)

∂v̄

∂t
+ (v · ∇)v̄ + (v̄ · ∇)v − μΔv̄ + grad(p̄) = r(v, p) Ω× (0, T ),

div(v̄) = div(v) Ω× (0, T ),

v̄(·, 0) = 0 Ω,

v̄ = 0 ΓD × (0, T ),

−p̄n+ μ(n · ∇)v̄ = 0 ΓN × (0, T )

(v̄ · ∇)v

v = 0

∂v̄

∂t
− μΔv̄ + grad(p̄) = g Ω× (0, T ),

div(v̄) = f Ω× (0, T ),

v̄(·, 0) = 0 Ω,

v̄ = 0 ΓD × (0, T ),

−p̄n+ μ(n · ∇)v̄ = 0 ΓN × (0, T ),

f : Ω× (0, T ) → R



Q2 Q1

Muu̇(t) + μDuu(t) + Bp(t) = g(t), B�u(t) = f

u : (0, T ) → R
Nu Nu ∈ N p : (0, T ) → R

Np Np ∈ N

Mu ∈ R
Nu×Nu Du ∈ R

Nu×Nu

B ∈ R
Nu×Np B� ∈ R

Np×Nu

g : (0, T ) → R
Nu f : (0, T ) → R

Np

g f

ΓD ΓN B
B�

θ
θ ∈ [0, 1] δt > 0

u(n+1) ≈ u(t(n+1)) p(n+1) ≈ p(t(n+1)) t(n+1) = (n+ 1)δt

(Mu + θδtμDu)u
(n+1) + δtBp(n+1) = δt

(
θg(n+1) + (1− θ)g(n)

)
−
(
−Mu + (1− θ)δtμDu

)
u(n),

B�u(n+1) = f(n+1)

n = 0, . . . ,K K = Tδt−1 ∈ N

g̃(n+1) := δt
(
θg(n+1) + (1 − θ)g(n)

)
Ai := Mu + θδtμDu Ae := −Mu + (1− θ)δtμDu u(n+1)

p̃(n+1) := δtp(n+1)

(
Ai B
B�

)(
u(n+1)

p̃(n+1)

)
=

(
g̃(n+1) −Aeu

(n)

f(n+1)

)
, n = 0, . . . ,K

(u(n+1), p̃(n+1))
u(n)



K

(
AK BK

B�
K 0

)(
u
p̃

)
=

(
g̃
f

)

⇐⇒

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Ai B
Ae Ai B

Ae Ai B
B�

B�

B�

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

u(1)

u(2)

u(K)

p̃(1)

p̃(2)

p̃(K)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

g̃(1) −Aeu
(0)

g̃(2)

g̃(K)

f(1)

f(2)

f(K)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

A⊗ B :=

⎛
⎜⎜⎜⎝

a11B a12B · · · a1KB
a21B a22B a2KB

aK1B aK2B · · · aKKB

⎞
⎟⎟⎟⎠ , A ∈ R

K×K ,B ∈ R
N×N ,

AK ∈ R
KNu×KNu BK ∈ R

KNu×KNp B�
K ∈ R

KNp×KNu

AK =

⎛
⎜⎜⎜⎝
Ai

Ae Ai

Ae Ai

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

Mu

−Mu Mu

−Mu Mu

⎞
⎟⎟⎟⎠+ δtμ

⎛
⎜⎜⎜⎝

θDu

(1− θ)Du θDu

(1− θ)Du θDu

⎞
⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎝

1
−1 1

−1 1

⎞
⎟⎟⎟⎠

︸ ︷︷ ︸
=:UK

⊗Mu + δtμ

⎛
⎜⎜⎜⎝

θ
1− θ θ

1− θ θ

⎞
⎟⎟⎟⎠

︸ ︷︷ ︸
=:VK

⊗Du = UK ⊗Mu + δtμVK ⊗Du,

BK =

⎛
⎜⎜⎜⎝
1

1

1

⎞
⎟⎟⎟⎠⊗ B = IK ⊗ B, B�

K =

⎛
⎜⎜⎜⎝
1

1

1

⎞
⎟⎟⎟⎠⊗ B� = IK ⊗ B�.

K

K = 1

Mu Du

AK BK B�
K



AK

u

δt

B�A−1
i Bp̃(n+1) = B�A−1

i (g̃(n+1) −Aeu
(n))− f(n+1),

u(n+1) = A−1
i (g̃(n+1) −Aeu

(n) − Bp̃(n+1))

B�u(n+1) = g̃(n+1)

Pi := B�A−1
i B ∈ R

Np×Np A−1
i

p̃(n+1) �→ p̃(n+1) + q(n+1),

q(n+1) = C−1
i

(
B�A−1

i (g̃(n+1) −Aeu
(n) − Bp̃(n+1))− f(n+1)

)
= C−1

i (B�ũ(n+1) − f(n+1)) = C−1
i r(n+1),

Ci Pi r(n+1) = B�ũ(n+1) − f(n+1)

p̃(n+1) q(n+1)

ũ(n+1) = A−1
i (g̃(n+1) − Aeu

(n) − Bp̃(n+1))
u(n+1)

Ai Mu

Pi

D̂p := B�M−1
u B

Mu

C−1
i = (B�M−1

u B)−1 = D̂−1
p ,



δt

C−1
i

Ci

A−1
i BM−1

p ≈ M−1
u BA−1

i,p ⇐⇒ A−1
i B ≈ M−1

u BA−1
i,pMp

Mu ∈ R
Nu×Nu Mp ∈ R

Np×Np

Ai,p ∈ R
Np×Np Ai

Ci

P−1
i = (B�A−1

i B)−1 ≈ (B�M−1
u BA−1

i,pMp)
−1 = (D̂pA

−1
i,pMp)

−1 = M−1
p Ai,pD̂

−1
p =: C−1

i .

Dp ∈ R
Np×Np Ai,p := Mp + θδtμDp

H1

Q2 Q1

Dp D̂p = B�M−1
u B

C−1
i = M−1

p (Mp + θδtμD̂p)D̂
−1
p = D̂−1

p + θδtμM−1
p

Ai,p θδtKp

C−1
i := M−1

p Ai,pD̂
−1
p = D̂−1

p + θδtμM−1
p + θδtM−1

p KpD̂
−1
p ,

C−1
i

D̂p

B B�

P−1
i = (B�A−1

i B)−1 =
(
(B�M−1/2

u )M1/2
u A−1

i M1/2
u (M−1/2

u B)
)−1

≈ (M−1/2
u B)+M−1/2

u AiM
−1/2
u (B�M−1/2

u )+

= D̂−1
p B�M−1

u AiM
−1
u BD̂−1

p =: C−1
i ,

(M−1/2
u B)+ =

(
(M−1/2

u B)�(M−1/2
u B)

)−1
(M−1/2

u B)� = D̂−1
p B�M−1/2

u ,

(B�M−1/2
u )+ = (B�M−1/2

u )�
(
(B�M−1/2

u )(B�M−1/2
u )�

)−1
= M−1/2

u BD̂−1
p



B B�

Ai Mu

C−1
i = D̂−1

p B�M−1
u MuM

−1
u BD̂−1

p = D̂−1
p B�M−1

u B︸ ︷︷ ︸
=D̂p

D̂−1
p = D̂−1

p .

u
p̃ u = A−1

K (g̃ −BK p̃) B�
Ku = f

B�
KA−1

K BK p̃ = B�
KA−1

K g̃ − f .

p̃ �→ p̃+ q, q = C−1
K

(
B�

KA−1
K (g̃ −BK p̃)− f

)
= C−1

K (B�
K ũ− f) = C−1

K r,

C−1
K PK = B�

KA−1
K BK

ũ ũ = A−1
K (g̃−BK p̃) r = B�

K ũ−f
Ci

Ae AK

CK

BM−1
p Ai,p ≈ AiM

−1
u B

⇐⇒ BM−1
p (Mp + δtμθDp) ≈ (Mu + δtμθDu)M

−1
u B

⇐⇒ B(Ip + δtμθM−1
p Dp) ≈ (Iu + δtμθDuM

−1
u )B

⇐⇒ BM−1
p Dp ≈ DuM

−1
u B

⇐⇒ BM−1
p

(
−Mp + δtμ(1− θ)Dp

)
≈

(
−Mu + δtμ(1− θ)Du

)
M−1

u B

⇐⇒ BM−1
p Ae,p ≈ AeM

−1
u B



θ /∈ {0, 1} Ae,p Ae

A−1
K (IK ⊗ BM−1

p ) ≈ (IK ⊗M−1
u B)A−1

K,p,

AK,p

AK,p =

⎛
⎜⎜⎜⎝
Ai,p

Ae,p Ai,p

Ae,p Ai,p

⎞
⎟⎟⎟⎠ .

PK = B�
KA−1

K BK = B�
KA−1

K BK(IK ⊗M−1
p )(IK ⊗Mp) = B�

KA−1
K (IK ⊗ BM−1

p )(IK ⊗Mp)

≈ B�
K(IK ⊗M−1

u B)A−1
K,p(IK ⊗Mp) = (IK ⊗ D̂p)A

−1
K,p(IK ⊗Mp) =: CK

C−1
K = (IK ⊗M−1

p )AK,p(IK ⊗ D̂−1
p ),

μ
AK,p

AK,p =

⎛
⎜⎜⎜⎝

1
−1 1

−1 1

⎞
⎟⎟⎟⎠

︸ ︷︷ ︸
=UK

⊗Mp + δtμ

⎛
⎜⎜⎜⎝

θ
1− θ θ

1− θ θ

⎞
⎟⎟⎟⎠

︸ ︷︷ ︸
=VK

⊗Dp,

Dp D̂p

C−1
K = (IK ⊗M−1

p )AK,p(IK ⊗ D̂−1
p )

= (IK ⊗M−1
p )

(
(UK ⊗Mp) + δtμ

(
VK ⊗ D̂p

))(
IK ⊗ D̂−1

p

)
= (UK ⊗ D̂−1

p ) + δtμ(VK ⊗M−1
p )

= (IK ⊗ D̂p)
−1(UK ⊗ I) + δtμ(IK ⊗Mp)

−1(VK ⊗ IK)

(A⊗ B)(C⊗D) = (AC)⊗ (BD), A,C ∈ R
K×K ,B,D ∈ R

N×N ,

(A⊗ B)−1 = A−1 ⊗ B−1 A ∈ R
K×K ,B ∈ R

N×N , A,B .

CK r = B�
K ũ− f

r̃1 = (UK ⊗ I)r =

⎛
⎜⎜⎜⎝

r(1)

r(2)

r(K)

⎞
⎟⎟⎟⎠−

⎛
⎜⎜⎜⎝

0
r(1)

r(K−1)

⎞
⎟⎟⎟⎠ ,

r̃2 = (VK ⊗ I)r = θ

⎛
⎜⎜⎜⎝

r(1)

r(2)

r(K)

⎞
⎟⎟⎟⎠+ (1− θ)

⎛
⎜⎜⎜⎝

0
r(1)

r(K−1)

⎞
⎟⎟⎟⎠



IK ⊗ D̂p IK ⊗Mp

(IK ⊗ D̂p)q̃1 = r̃1 (IK ⊗Mp)q̃2 = r̃2.

IK ⊗ D̂p IK ⊗MK q̃1

q̃2 D̂p

Mp

⎛
⎜⎜⎝

q̃
(1)
1

q̃
(K)
1

⎞
⎟⎟⎠ =

⎛
⎜⎝
D̂−1

p

D̂−1
p

⎞
⎟⎠

⎛
⎜⎜⎝

r̃
(1)
1

r̃
(K)
1

⎞
⎟⎟⎠ ⇐⇒

(
q̃
(1)
1 · · · q̃

(K)
1

)
= D̂−1

p

(
r̃
(1)
1 · · · r̃

(K)
1

)
,

⎛
⎜⎜⎝

q̃
(1)
2

q̃
(K)
2

⎞
⎟⎟⎠ =

⎛
⎜⎝
M−1

p

M−1
p

⎞
⎟⎠

⎛
⎜⎜⎝

r̃
(1)
2

r̃
(K)
2

⎞
⎟⎟⎠ ⇐⇒

(
q̃
(1)
2 · · · q̃

(K)
2

)
= M−1

p

(
r̃
(1)
2 · · · r̃

(K)
2

)
.

C−1
K r

K
D̂p Mp

CK PK

δt
AK,p CK

C−1
K := UK ⊗ D̂−1

p = (IK ⊗ D̂p)
−1(UK ⊗ I).

(IK ⊗M−1/2
u B)+ = IK ⊗ (D̂−1

p B�M−1/2
u ), (IK ⊗ B�M−1/2

u )+ = IK ⊗ (M−1/2
u BD̂−1

p )

C−1
K :=

(
(IK ⊗M−1/2

u )BK

)+
(IK ⊗M−1/2

u )−1AK(IK ⊗M−1/2
u )−�(B�

K(IK ⊗M−1/2
u )

)+
=

(
IK ⊗ (D̂−1

p B�M−1
u )

)
AK

(
IK ⊗ (M−1

u BD̂−1
p )

)

CK



PK = B�
KA−1

K BK

JK := IK −C−1
K PK

JK

K

ũ �→ ũ+w, w = Ã−1
K (g̃ −BK p̃−AK ũ)

ũ = A−1
K (g̃ −BK p̃) p̃

ÃK ≈ AK ũ
ũ p̃

(
ũ
p̃

)
�→

(
ũ
p̃

)
+

(
w
q

)
,(

w
q

)
=

(
Ã−1

K (g̃ −BK p̃−AK ũ)
C−1

K

(
B�

K(ũ+w)− f
) )

=

(
ÃK 0
−B�

K CK

)−1 (
g̃ −BK p̃−AK ũ

B�
K ũ− f

)
.

ũ

ũ u (u,p)



Th Ω
δt

Th̄
δ̄t

p̃

r = B�
K ũ− f = B�

KA−1
K (g̃ −BK p̃)− f

RK̄
K ∈ R

N̄pK̄×NpK K̄ =

T δ̄t
−1 ∈ N T δ̄t

N̄p Th̄

(
ĀK̄ B̄K̄

B̄�
K 0

)(
ū
¯̃p

)
=

(
¯̃g
f̄

)
:=

(
0

−RK̄
Kr

)
,

Th̄ δ̄t
¯̃p PK

K̄
∈ R

NpK×N̄pK̄

p̃

p̃ �→ p̃+ q, q = Ĉ−1
K

(
B�

KA−1
K (g̃ −BK p̃)− f

)
= Ĉ−1

K (B�
K ũ− f) = Ĉ−1

K r,

Ĉ−1
K = PK

K̄
(B̄�̄

K
Ā−1

K̄
B̄K̄)−1RK̄

K

PK
K̄

= RK̄
K = IK Th̄ = Th δ̄t = δt

P ∈ R
Np×N̄p R ∈ R

N̄p×Np

δt
2

P̃K
K̄

∈ R
K×K̄ R̃K̄

K ∈ R
K̄×K

PK
K̄ = P̃K

K̄ ⊗ P, RK̄
K = R̃K̄

K ⊗ R



p(n+1) = δt−1p̃(n+1)

p t(n+θ) := t(n) + θδt

θ = 1
2

θ

� r(n+1) t(n+1/2) r(n+1) ≈ r(t(n+1/2))

� r(t(n+1)) := 1
2

(
r(t(n+3/2)) + r(t(n+1/2))

)
� r̄(n̄+1) t̄(n̄+1/2) r̄(n̄+1) ≈ r(t̄(n̄+1/2)) = r(t(n+1))

� p̄(n̄+1) t̄(n̄+1/2) p̄(n̄+1) ≈ p(t̄(n̄+1/2)) = p(t(n+1))

� p(t(n+1/2)) := 1
4

(
3p(t(n+1)) + p(t(n−1))

)
p(t(n+3/2)) := 1

4

(
5p(t(n+1))− p(t(n−1))

)
� p(n+1) t(n+1/2) p(n+1) ≈ p(t(n+1/2))

RK̄
K :=

1

2

⎛
⎜⎜⎜⎝
1 1

1 1

1 1

⎞
⎟⎟⎟⎠ , PK

K̄
:=

1

4

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

3
5
1 3
−1 5

1 3
−1 5

1 3
−1 5

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

δ̄t = 2δt
p̃ ¯̃p δt δ̄t = 2δt

1
2

R̃K̄
K :=

{
IK : δ̄t = δt,

RK̄
K : δ̄t = 2δt,

, P̃K
K̄

:=

{
IK : δ̄t = δt,
1
2P

K
K̄

: δ̄t = 2δt



t(n−1) t(n) = t̄(n̄) t(n+1) t(n+2) = t̄(n̄+1)

r̄(n̄)

r̄(n̄+1)
r(n) r(n+1)

r(n+2)

t(n−1)t(n−1) t(n) = t̄(n̄) t(n+1) t(n+2) = t̄(n̄+1)

p̄(n̄)

p̄(n̄+1)

p(n) p(n+1)

p(n+2)

p̃ g̃ f
g f

AK BK g̃

¯̃g
r̄ f̄

r



− p̃
− g̃ f

p̃ �→ GMRES(p̃)
− B�

KA−1
K BK p̃ = B�

KA−1
K g̃ − f

− CK

− ν1

1. r = B�
KA−1

K (g̃ −BK p̃)− f

2. r̄ = RK̄
Kr

3. q̄ ¯̃g = 0 f̄ = −r̄
4. q = PK

K̄ q̄
5. p̃ �→ p̃+ q

p̃ �→ GMRES(p̃)
− B�

KA−1
K BK p̃ = B�

KA−1
K g̃ − f

− CK

− ν2

1

2K
K



− u p̃
− g

1. AK = AK(u)
2. q

ru rp̃
3. w = A−1

K (ru −BKq)

(u, p̃) �→ (u, p̃)− (w,q)

− AK = AK(u)

− ru = AKu+BK p̃− g̃
− rp̃ = B�

Ku

(w,q)

g = 0 h = 0
vD = 0 Γwall

v0 = 0 Γin

vD = U(t)
4y(0.41− y)

0.412

(
1
0

)
, U(t) = U0

∣∣sin(π8 t)∣∣, U0 = 0.3.

μ



0.2 2.0

0.2

0.21

0.410.1

Ω Γin Γwall

0 3

0.0 0.1 0.2 0.3 0.4

μ = 10−2 μ = 10−2 μ = 10−3

4 t = 4

Q2 Q1

lvl ∈ {0, 1, . . . , 5} θ = 1
2

δt

MG(c, p)



he = diam(κe) = sup{‖x− y‖ : x, y ∈ κe}
κe K

lvl maxe he mine he meane he #dofs(v) #dofs(p) #dofs

0 4.6 · 10−1 5.4 · 10−2 2.2 · 10−1 65 113 48 452K 65K 517K
1 2.3 · 10−1 2.4 · 10−2 1.1 · 10−1 226 418 192 1672K 226K 1898K
2 1.2 · 10−1 1.1 · 10−2 5.5 · 10−2 836 1604 768 6416K 836K 7252K
3 5.8 · 10−2 5.4 · 10−3 2.8 · 10−2 3208 6280 3072 25120K 3208K 28328K
4 2.9 · 10−2 2.7 · 10−3 1.4 · 10−2 12560 24848 12288 99392K 12560K 111952K

p ∈ {PCD,LSC}
V

c ∈ {s, t, ts} c = ts

TG(c, p)

GMRES(p)

RI(p)

10−11

μ = 10−2

μδt vD

μ δt

U(t)

T



101 102 103 104
100

101

102

O(
√
K)

K

#

RI(PCD)

RI(LSC)

GMRES(PCD)

GMRES(LSC)

TG(t,PCD)

TG(t,LSC)

0 δt = 1
25

lvl δt−1 GMRES(PCD) TG(t,PCD) MG(t,PCD) MG(ts,PCD)

K 800 3200 12800 800 3200 12800 800 3200 12800 800 3200 12800

0 25 27 43 77 6 6 6 6 7 10 − − −
0 100 15 28 44 4 5 5 5 5 6 − − −
2 25 28 43 86 6 7 7 7 8 11 8 8 11
2 100 17 28 45 4 5 5 5 5 6 7 8 8

lvl δt−1 GMRES(LSC) TG(t,LSC) MG(t,LSC) MG(ts,LSC)

K 800 3200 12800 800 3200 12800 800 3200 12800 800 3200 12800

0 25 11 11 11 7 7 7 7 7 7 − − −
0 100 9 11 11 5 5 6 5 6 6 − − −
2 25 29 31 32 18 19 19 19 20 21 19 19 20
2 100 25 30 32 10 10 11 12 13 14 12 12 13

T

δt

T
δt−1

2



K = 800

δt−1

lvl 0 1 2 3 4 5 0 1 2 3 4 5

GMRES(·) 25 27 27 28 28 27 27 11 17 29 49 86 154
GMRES(·) 800 7 7 8 8 8 8 7 11 16 25 36 59
GMRES(·) 25 · 2lvl 27 20 17 13 10 8 11 16 25 36 47 59

TG(t, ·) 25 6 6 6 7 7 6 7 10 18 31 56 105
TG(t, ·) 800 3 3 3 3 3 3 3 5 6 8 10 16
TG(t, ·) 25 · 2lvl 6 5 4 4 4 3 7 8 10 11 13 16

TG(ts, ·) 25 8 7 7 7 6 10 18 31 57 105
TG(ts, ·) 800 7 6 5 4 4 7 9 9 11 17
TG(ts, ·) 25 · 2lvl 8 7 6 5 4 9 10 12 14 17

8

δt



μ
μ = 10−2

μ = 10−3

Re(t) =
L · Ū(t)

μ
� 20,

L Ū(t)

L = 0.1 Ū(t) = 2
3U0

∣∣sin(π8 t)∣∣
μ = 10−2

44 · 25 = 8192

μ

2

μ = 10−2

μ = 10−3



lvl δt−1 μ = 10−2 μ = 10−3

K 200 400 800 200 400 800 200 400 800 200 400 800

RI(PCD) GMRES(PCD) RI(PCD) GMRES(PCD)
2 100 70 81 99 10 12 19 56 140 229 10 30 44
2 400 53 64 73 7 9 10 22 32 58 5 6 10

4 100 71 82 98 10 14 17 57 121 217 15 43 46
4 400 62 69 74 8 9 11 48 56 60 6 8 15

TG(t,PCD) MG(t,PCD) TG(t,PCD) MG(t,PCD)
2 100 4 5 5 4 5 5 4 5 7 4 7 9
2 400 3 3 4 3 3 4 3 3 4 3 3 4

4 100 5 5 5 5 5 6 5 5 5 5 8 11
4 400 3 3 4 3 3 4 3 3 4 3 3 4

TG(s,PCD) MG(s,PCD) TG(s,PCD) MG(s,PCD)
2 100 7 8 8 7 8 9 10 26 55 10 27 48
2 400 6 7 7 6 7 7 5 6 11 5 6 11

4 100 6 6 6 6 6 6 7 14 20 7 18 24
4 400 5 6 6 5 6 6 5 6 8 5 6 8

TG(ts,PCD) MG(ts,PCD) TG(ts,PCD) MG(ts,PCD)
2 100 7 8 8 7 8 9 10 26 55 10 27 49
2 400 6 7 7 6 7 7 5 6 11 5 6 11

4 100 6 6 6 6 6 7 8 14 20 7 16 22
4 400 5 6 6 5 6 6 5 6 8 5 6 8



101 102 103
100

101

102

K

#

ν = 10−2

101 102 103
100

101

102

K

#

GMRES(PCD)

GMRES(LSC)

TG(t,PCD)

TG(t,LSC)

MG(t,PCD)

MG(t,LSC)

ν = 10−3

2 δt = 1
100

μ = 10−2

T

10−10 T

10−11

δt−1 = 25 · 2lvl



0 20 40 60
10−10

10−5

100

t 0 20 40 60
10−10

10−5

100

t

k = 0

k = 1

k = 2

k = 3

k = 4

k = 9

k = 10

μ = 10−2

δt = 1
25 lvl = 0 T = 64

T

μ

μ(γ̇) = μ∞ + (μ0 − μ∞)
(
1 + (λγ̇)a

)(n−1)/a
,

γ̇ =
√
2
∥∥D(v)

∥∥
F

D(v) = 1
2 (∇v + ∇v�)

μ∞ μ0 λ n a a = 2
n < 1

μ∞ = 0 μ0 = 10−2 λ = 1 n = 0.31



δt−1 = 25 · 2lvl

1 2 3 4 1 2 3 4 1 2 3 4

GMRES(PCD) TG(t,PCD) TG(s,PCD)
K = 800 63 47 30 19 17 16 13 8 26 18 16 12
K = 1600 155 63 47 30 18 16 15 9 27 19 17 14
K = 3200 298 166 65 48 18 17 16 10 27 19 17 16

K = 800 35 28 18 12 8 8 7 5 15 11 8 7
K = 1600 74 37 28 18 8 8 8 6 15 11 9 8
K = 3200 125 80 38 28 8 8 8 8 15 10 9 8

TG(ts,PCD) MG(ts,PCD) MG(ts,PCD)
K = 800 26 18 16 12 26 21 16 12 26 18 16 12
K = 1600 27 19 17 14 31 24 18 14 27 19 17 14
K = 3200 27 20 17 16 37 29 19 17 27 20 17 16

K = 800 14 12 8 7 14 12 8 7 14 12 8 7
K = 1600 15 11 9 8 15 12 10 8 15 11 9 8
K = 3200 15 11 10 9 18 13 12 9 15 11 9 9

μ(γ̇) ∈ [0.0004, 0.01]

ρ
∂v

∂t
+ ρ(v · ∇)v − 2∇ ·

(
μ(γ̇)D(v)

)
+ grad(p) = ρg,

Ai



δt−1 = 25 · 2lvl

K
GMRES(LSC) TG(t,LSC) TG(s,LSC) MG(ts,LSC)

lvl 2 3 4 2 3 4 2 3 4 2 3 4

K = 800 50 65 63 18 20 17 28 32 24 28 33 26
K = 1600 56 96 119 18 21 28 29 39 40 30 41 45
K = 3200 59 106 189 18 22 31 30 40 50 30 41 51

μ = 10−3

U0 = 1.5
Re = 100 t = 4

3
2

C−1
K



3 4 5 6 7 8

0

0.5

t

lvl = 1

lvl = 2

lvl = 3

lvl = 4

k = 0 k = 1 k = 2 k = 3 k = 4 k = 15

0 2 4 6 8
10−10

10−5

100

3

0 2 4 6 8
10−10

10−5

100

4

0 2 4 6 8
10−10

10−5

100

3

0 2 4 6 8
10−10

10−5

100

4

U0 = 1.5 μ = 10−3 δt−1 = 25 · 2lvl
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